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Abstract. A multiparameter negative binomial distribution of order k is
obtained by compounding the extended (or multiparameter) Poisson
distribution of order k by the gamma distribution. A multiparameter
logarithmic series distribution of order k is derived next, as the zero
truncated limit of the first distribution. Finally a few genesis schemes and
interrelationships are established for these three multiparameter distribu-
tions of order k. The present work extends several properties of distribu-
tions of order k.

Key words and phrases: Multiparameter distributions of order &, type 1
and type II distributions of order k, genesis schemes and interrelationships,
extended distributions of order k.

1. Introduction

The exact distribution theory of the discrete distributions of order k& was
initiated by Philippou et al. (1983), who introduced the geometric distribution
of order k (see also Philippou and Muwafi (1982)), and derived from its study
the negative binomial and Poisson distributions of the same order. Further
results and/ or new distributions of order k& were obtained by Philippou (1983,
1984), Aki et al. (1984), Aki (1985), Charalambides (1986), Hirano (1986),
Philippou and Makri (1986) and Xekalaki et al. (1987). Motivated by
Philippou (1983), who obtained a new negative binomial (or compound
Poisson) distribution of order k, we presently derive a multiparameter
negative binomial distribution of order k, by compounding the extended (or
multiparameter) Poisson distribution of order k of Aki(1985). We also derive
a multiparameter logarithmic series distribution of order &, as the zero
truncated limit of the first, and we examine some genesis schemes and
interrelationships of the three distributions.

All the propositions of the present paper may be specialized in an obvious
manner to respective distributions of order & to give known (or even some
new) results. We shall not do this here, however, for space economy. Also, in
order to avoid unnecessary repetitions, we mention here that in this paper
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X1,..., Xk are non-negative integers as specified.
2. Multiparameter negative binomial and logarithmic series distribu-
tions of order k

We first consider the following;

DEFINITION 2.1. A random variable (rv) X is said to have the Poisson
distribution of order k with parameters A,,..., A (4:>0 for 1<i<k), to be
denoted by Piu(Ai,..., &), if
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This distribution, which is due to Adelson (1966), was called “stuttering”
Poisson by Johnson and Kotz (1969) and “extended Poisson distribution of
order k” by Aki (1985). We shall use it in Proposition 3.1 of Philippou (1983),
in place of the Poisson distribution of order k with parameter 4, to derive a
multiparameter negative binomial distribution of order k.

PROPOSITION 2.1. Let X and Y be two rvs such that X| Y=y is
distributed as P(Ary,..., Ay) and fy(y)=a'y' 'e | I(r) (y, @ and r positive),
and set gi=Ai/ (Ai++++A+0a) (1=i<k) and p=1—q1—---—qx. Then
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PROOF. We have
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and

fwyx|+---+xk+r—le—(/h+~--+).k+a)ydy - r(xl +o X+ r)
0 (A[ + ... + lk + a)x1+---+xk+r s

from which the proposition follows.
We introduce now the following;

DEFINITION 2.2. A rv X is said to have the negative binomial
distribution of order k£ with parameters r, qu,..., gk (r>0, 0<gi<1 for 1<i<k
and g +---+qi<1), to be denoted by NBu(r; q1,..., q&), if

- F'xi+ - +x+r)
PX=x)=p" X, T eIy D

X+ 22Xt Hhxe=x

where p=1—qi—+ —¢x.

If =P ' Q (1<i<k) so that p=P*, we observe that NBu(r; q1,..., gi)=
NB.i(r, P), where NByi(r, P) is the shifted negative binomial distribution of
order k (Philippou et al. (1983) and Aki et al. (1984)). Here and in the sequel
Q=1-P. Furthermore, if gi=q/k (1<i<k), we note that NB«(r; q1,..., gx)=
NByu(r, p), where NBi u(r, p) denotes the compound Poisson (or negative
binomial) distribution of order k (Philippou (1983)), with p=a/ a+k. Asit was
mentioned in Philippou (1983), this distribution is different than the
corresponding one of Philippou ez al. (1983). We call it negative binomial
distribution of order k, type II, with parameters r and p.

We proceed now to obtain a multiparameter logarithmic series distribu-
tion of order k.

PROPOSITION 2.2. Let X be a rv distributed as NB(r; qu,..., qx), and
assume that r—0. Then, for x=1, 2,...,

(xl+"'+xk_l)! X, X

PX=x|X=1)—a pY qi---qr ,

,,,,, Vooixyt
X1+2§lz+' : ~)5rkk3x1(=x Xyieee Xk

where a=—(log p)”.

PROOF. For x=1, 2,..., we have
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PX=x|X=1)
_PX=x,X=1)
 1-P(X=0)
r I'Ga+-+x+r) , .
= ; z g,
l-p Ot xilxi ! I(r)
(by Definition 2.2)

(xir +-+xx— DV
ql "'qk k]

- —(ogp)' X
X1 Xk 3 xl!...xk!

x;+2x{-@—'-"’-+kx;;=x
which establishes the proposition.

DEFINITION 2.3. A rv X is said to have the logarithmic series
distribution of order k with parameters qi,..., g« (0<g:<1 for 1<i<k and
g1+ +qx<1), to be denoted by LSk(q1,..., gx), if

T ) L I
(xl Xk ) (II""Qk s

x=1,2,...,

PX=x)=a z

Xlgeeon Xk
i+ 2 e x

xile-xx!

where a=—(log p)"' and p=1-qi—+—qs.

If g=P"'Q (1<i<k) so that p=P", we observe that LS«(q,..., q¢)=
LSk 1(P), where LSk P) is the logarithmic series distribution of order k of Aki
et al. (1984). Furthermore, if gi=q/k (1<i<k), we note that LS«(q:,..., qx)
reduces to a logarithmic series distribution of order &, different than the one of
Aki er al. (1984). We call it logarithmic series distribution of order k, type 11,
with parameter g, and denote it by LSy u(g).

Remark 2.1. By setting qi=0: and g;=P--- P-1Qi (2<i<k), which
imply p=P,--- P, we observe that

NB«(r; q1,..., ) = ENBi(r; Pi,..., Pi) ,
and
LS«(q1,---, qx) = ELS«(Py,..., Pr) ,
where ENB(r; Pi,..., Pi) (ELS(Px,..., Px)) is the (suitably shifted) extended

negative binomial (logarithmic series) distribution of order k of Aki (1985).
Here Qi=1—P; (1<i<k).
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The following representations are direct consequences of Definitions
2.1-2.3.

k
PROPOSITION 2.3. Let X; (1<i<k) be rvs and set X=,~=21 iXi. Then

(a) X is distributed as Pi(Ai,..., &) if and only if X; (1=i<k) are
distributed independently as Pi(1:);

(b) X is distributed as NB«(r; qu,..., qi) if and only if X,,..., Xx are
jointly distributed as multivariate negative binomial with parameters r,

o .(,cgk; X is distributed as LSi(q:,..., qx) if and only if X\,..., X are jointly
distributed as multivariate logarithmic series with parameters qu,..., gx.
Upon using Proposition 2.3(a), we get;
PROPOSITION 2.4. Let X be a rv distributed as Pi(A1,..., Ax). Then
@ ex®=expZA¢ -1, ll<l;
(b) E(X)= ﬁl i and o’(X)= >§1 A

Upon using simple expectation properties and Propositions 2.1 and 2.4,
we get;

PROPOSITION 2.5. Let X be arv distributed as NB(r; qu,..., qi). Then
k A\-r

@ exy=p(1-2af)". 1M=1;

b) EX)=—%i i ) =23 ta+1(2iq)

® E0=T2ig ad P00=—[5ar(5iaf].

Upon using Definition 2.2, the transformation x;=n; (1<i<k) and

k
x=n+ :2,1 (i—1)n;, and the multinomial theorem, we get part (a) of the following

proposition.
PROPOSITION 2.6. Let X be a rv distributed as LSi(q\,..., gx). Then

koo
(a) gx(t)=- alog(l -x qit') , <1,

__a_k_. 2 __a_ k_2.]—a k_.2
(b) E(X)_pgilq‘ and a(X)—p[i:Z‘izq,+ > (E‘izq,)].

We get part (b) by straightforward differentiation of gx(¢).
Proposition 2.5(a) implies the following
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PROPOSITION 2.7. Let X; (1<i<n) be independent rvs distributed as
NBu(r; qi,..., qi), and set X=X+---+X, and r=ri+---+r.. Then X is
distributed as NB(r; qu,..., q).

3. Genesis schemes and interrelationships

In this section we present a few genesis schemes and interrelationships for
the three multiparameter distributions of order k. We start with an urn model
which gives rise to NBk(r; q1,..., gx) with positive integer r.

PROPOSITION 3.1. An urn contains balls bearing the letters F,..., Fi
and S (=So) with respective proportions qu,..., qx and p (0<qi<1 for 1<i<k,
g+ +q<l and q\+--+qtp=1). Balls are drawn from the urn with
replacement until r balls (r=1) bearing the letter S appear. Let X be a rv
denoting the sum of the indices of the letters on the balls drawn. Then X is
distributed as NB«(r; qu,..., qi).

PROOF. For any fixed non-negative integer x, a typical element of the
event (X=x) is an arrangement a@;:*-dx++x+r-1.5 Of the letters Fi,..., Fx and
S, such that r—1 of the a’s are §, x; of the a’s are Fi (1<i<k), and
X1+2x2+ - +kxi=x. Fix x1,..., xx (r is fixed). Then the number of the above
arrangements is

(x1+---+xk+r—1)
Xlyeery Xiy F — 1 ’

and each one of them has probability

ro_Xi Xk

pql ...qk

But the non-negative integers xi,..., xx may vary subject to the condition
Xi1+2x24 - +kxi =x. Therefore

ql ...qik R
x=0,1,..,

PX=x=p X
Xlyeeny Xk
X1+2X0+ kX=X

(x1+--~+xk+r-l) Xl
Xlyeoes X, ¥ — 1

which establishes the proposition.

The next proposition provides a genesis scheme for Pi(4,..., Ax), related
to NBu(r; q1,..., q«).

PROPOSITION 3.2. Let X, and X be rvs distributed as NB«(r; qi,..., qi)
and P(A1,..., Ak), respectively. Assume that ¢i—0 andrqi—A:(1<i<k) asr—oce.
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Then
PX,=x)— P(X=x), x=0,1,...
PROOF. For {t|<1, we have

k A\-r
gx(t) = p’(l - ,=21 q,-t') (by Proposition 2.5(a))

i

k
=1 r grqit - . k
_(1— ; )(l— . ) , since p—l—g‘iq,-,

which establishes the proposition, by means of Proposition 2.4(a).

It is well known that the negative binomial distribution results if the
Poisson distribution with mean —r log p is generalized by the logarithmic
series distribution. We now show that this scheme carries over to the
multiparameter negative binomial and logarithmic series distributions of
order k.

PROPOSITION 3.3. Let Xi (i=1) be independent rvs distributed as
LS«(qu,..., qx) independently of arv N which is distributed as Pi(—rlogp), and
set Sy=X1++-+ Xn. Then S is distributed as NB(r; qu,..., qx).

PROOF. For |t|<1, we have

gsd(1) = gnlgx (9] = exp{-r log p[gx(n) — 1]}
k .
= exp{—r log p[*a log(l > qit’)—l]]
(by Proposition 2.6(a))
k .
= exp{—r[log(l - ,=21 q,-t') - logp]}
k \-r
:p’(l - FEI Qitl) ,
which establishes the proposition, by means of Proposition 2.5(a).

The result just established may be written in the notation of Johnson and
Kotz (1969) as

NB«(r; q1,---, gr) = P1(— r log p) V LSk(qy,---, i) .
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We end this paper by giving one more genesis scheme for each one of the
three multiparameter distributions of order k treated presently. To this end,
we recall the following definition of Hirano (1986).

DEFINITION 3.1. A rv X is said to have the k-point distribution with
parameters vi,..., vk to be denoted by K(vi,..., v), if

k
PX=D=v, i=1,...,k 0<w<l, §1Vi=1 .

The following proposition may be easily checked by means of Proposi-
tions 2.4(a)-2.6(a) and Definition 3.1.

PROPOSITION 3.4. Let Pi(Ay,..., A), NBu(r; qu,..., qx) and LSi(qu,...,
qr) be given by Definitions 2.1-2.3, respectively. Set A=A1+---+Ax and q=
g1+ +qx. Then

@ Pddi..., A)=Pi(A)VK(A/A,..., A/ A);

(b) NBx(r; q1,..., g)=NBi(r; ) VK(q1/;..., 4/ 9);

(©) LS«q,-.., g9=LS1(9) VK(q:/g;..., qk/ q).
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