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Abstract. A class of multiple sample tests based on empirical coverages is
proposed which is a generalization of Greenwood’s and Sherman’s one-
sample goodness-of-fit test statistics. The asymptotic normality of the tests
is established by embedding the empirical coverages into a stationary
process satisfying the strong mixing condition.
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1. Introduction

Let Xi,..., X. be a random sample from an unknown distribution
function F. For a given continuous distribution function Fy, define

Ci= Fo(Xi,n) - Fo(Xi—l,n), i=1,..,n+1 R
n+l
Av=§]|c,~-(n+1)“|“, v>0,

where X1,<:--<Xan are the order statistics of Xi,..., Xu, Xo.=—0%, and
Xnr1,n=2. To test for the hypothesis F= Fy, Greenwood (1946) and Sherman
(1950) proposed the test statistics A; and A, respectively. Rao and
Sethuraman (1975) studied the empirical distribution of the C; (which are
often called coverages or spacings) and derived the asymptotic behavior of A,.
Some exact percentage points of A, and A2 under F= F, have been obtained
for selected values of n (Rao (1976), Burrows (1979), Currie (1981) and
Stephens (1981)).

These one-sample goodness-of-fit tests 4, can be generalized to the
multiple sample case as follows. For a=1,..., g, (g: aninteger>2), let X\ (j=1,
..., Na) be a random sample of size n. from an unknown distribution function
F®. Set N=n;+---+n, and note that the N observations divide the real line
into N+ 1 intervals. Let Fy(x)=(N+1)"" (number of observations among the N
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pooled observations being <x) if x<oo, =1 if x=c0. Note that Fy is slightly
different from the empirical distribution of the pooled sample. Now, define
the nq.+ 1 empirical coverages associated with the n. observations of the a-th
sample by

(L.1) Cira = Fu(Xya) — Fx(Xr1a)y, j=1,..ne+1,

where Xij¢ <:--<Xn,a are the order statistics of X{?,..., X\, Xoa=—0°, and
Xns10=2. For example, suppose g=2, n;=2, n;=4 and Xin1<X12<Xon<
X32< X32<X4p. Then the empirical coverages are Ci=1/7, C)=2/7,
C3/1 =4/ 7, Cl/zz Cz/2:2/7 and C3/2: C4/2= C5/2= 1/7. Under the null hypOthCSiS
Hj that the g samples come from a common continuous distribution function,
it can be shown that Cj« has mean 1/(n. +1). We therefore propose to reject
H, if the statistic

na+l
(12) B.= Zat/ M), 1Cra = (na+ )P
a= =

is large where a:(0, 1)~ R is a positive weighting function. Holst and Rao
(1980, 1981) considered the two-sample case and derived the asymptotic
behavior of the statistic ZAn((N+1)Cj1—1). Rao and Murthy (1981) proposed
a two-sample statistic which is equivalent to B, with constant weighting
function. But they did not derive the asymptotic distribution.

In the next section, it is shown, under Hp and Condition (A) (see Theorem
2.1) and by embedding the empirical coverages into a stationary process
satisfying the strong mixing condition, that B,(v>1/2) is asymptotically
normal as N—oc. While we conjecture that Condition (A) holds in general,
this condition is verified only for the special case of v=2 and g=2 in Section 3.
We have not been able to obtain the power behavior of B, against general
alternative hypotheses. Some numerical results are given in Section 4.

2. Asymptotic normality of B, under H,

To derive the asymptotic normality of B, under Ho, we assume that n./ N
=ra (a=1,..., g) for some constants r« with 0<r.<l and ri+---+r,=1. Let
J(1), J(2), ... be an independent and identically distributed (iid) sequence with

P =a)=r, a=1,..,g.
Define

I(a)_[l, if Jk)=a,
* 710, otherwise ,
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@0 M= 3 1

. N = k

and

(2.2) Ue = a(rim)lk — k — riwl”

where k=k(k)=inf{j>k: J()=J(k)} .

THEOREM 2.1. Assume that following Condition (A) holds.
Condition (A):  a*=var (U1)+2 é cov (U, U)—C'Z7'¢>0

where
0= (£ cov(ts, B),..., E cov(Ui, 5)

and X' is a (g—1)X(g—1) matrix whose (i, j)-component equals r{1-r;) if i=},
—rir;ifi%]. Thenfor v>1/2, under Ho,as N—,{(N+1)’B,~ NE(U))}/(N"0)
converges to the standard normal distribution.

It should be remarked that the ¢’ in Condition (A) is actually a
conditional limit variance (see Lemma 2.3). The evaluation of ¢” is difficult for
general v and g. In the next section, o is explicitly given for v=2 and g=2.

LEMMA 2.1. Let
g-1
Wk = Uk + E] daIk(a) )

for some constants d.,..., dg-1. Then the stationary sequence { W} satisfies the
strong mixing condition and the mixing coefficients (k) satisfy (k)< Dp",
k=1, 2,... for some D>0 and 0<p<1.

(For the definitions of the strong mixing condition and the mixing
coefficients, see pp. 305-306 of Ibragimov and Linnik (1971).)

PROOFOFLEMMA 2.1. Denote by a(Xj,..., X») the o-field generated by
random variables Xj,..., X,. For Si€ea (Wi, k=1,...,]) and S e 6 (Wi, k=1+m,
I+m+1,...), S: is independent of S1 N E where E'is the event that for each a
(1<a=<g), there exists k such that /<k<I/+m and J(k)=a. So,

P(S1 NS2) = P(SINS:|E)P(E) + P(SINS:| E°)P(E"),
P(S\INS|EYP(E) = P(S1|E)P(S:| SINE)P(E) = P(S2) (S\NE)
= P(S)P(S2) — P(E)P(S2)P(S\|E°).
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Hence,
| P(S1 N 82) — P(S1) P(Sy)|
= P(EX)| P($: N $2| E°) — P(S;) P(Si] EY)]
< P(E) < £(1 - r™ < g(1 - min ™"
This completes the proof. [

LEMMA 2.2. Assume that Condition (A) of the theorem holds. Then
N -
N'm( T (U= E(U)), MY = Nri,..., MY — Nrg_l)

converges in distribution to (Zy, Z\,..., Zg-1) where the random variables Z,,
Zi,..., Zg-1 are jointly normal with F(Z:)=0 (a=0,..., g—1), and

E(Z8) = var(Uy) + 2 k%cov(Ul, Uy,
E(ZY) = rd1 — ra), a=1,.,g-1,
E(ZoZs) = é cov(Un, I, a=1,.,g—1,
E(Z.Z5) = — rarp, I<a#xf<g-1.

PROOF OF LEMMA 2.2. Let
g1
Wi=doUs + Z dodi? |

for not all zero constants do,..., dg-1. If do=0, then W), W>,... are iid so that
NY2(W\+---+ Wy— NE(W))) converges to the normal distribution with mean
0 and variance

(dy,..., dg) 2(dh,..., dg-1) = var(diZ) + - + dg-1Z¢1) .

Suppose do#=0. Without loss of generality, we assume do= 1. Thus, since Uy and I
(k=2) are independent of 1{*,

(2.3) var(W) + 2 é cov(Wr, W)

= var(Uy) + 2 3 cov(Uy, U) + 2d¢ + d'Zd
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=+ (d+Z'yZ(d+Z"'0)>0 by Condition (A) ,

where d'=(d,,..., dg-1). By Lemma 2.1 and Theorem 18.5.3 of Ibragimov and
Linnik (1971), N"*(W1+---+ Wn— NE(W1)) converges to the normal distribu-
tion with mean 0 and variance equal to (2.3). This variance also equals
var(Zo+diZ\+-+-+dg-1Z5-1). We have shown that every linear combination of

_ N _ "
the random variables N2 kgl (Uxi— E(UY)),..., N 2(MAF "~ Nrg-1) converges
to a normal distribution so that they converge jointly to Zo,..., Zg1 in

distribution. [

LEMMA 2.3. As N—oo, for every z,
N
P(N"/2 E (Ui~ EU) < 2l My = noa=1,.... g - 1)

converges to ®(z/ o) where ® is the standard normal distribution function.

PROOF OF LEMMA 2.3. It may be remarked that Holst (1979)
considered a similar problem and derived conditional limit distributions.
However, his results do not apply to our case since Uk are not independent.

Intuitively, by Lemma 2.2, the conditional distribution of N~"* ,g( U— E(UY))

given MA”= na(a=1,..., g—1) converges to the conditional distribution of Z,
given Z«=0 (a=1,..., g—1), which is normal with mean 0 and variance ¢*. To
make this rigorous, some delicate analysis is needed.

In the following, we will consider only the case g=2. The general case can
be treated similarly with more complicated notation. Let L(X) and L(X| Y=y)
denote the distribution of X and the conditional distribution of X given Y=y.
For each N, let Ji(1),..., Ji(N) be independent of J(k) (1<k<e) such that

LKD),y KANY) = LUD),..., I MY = 1) .
For any fixed positive integer E<N"2 choose, at random, ¢ of those ni A’
that are equal to 1, and change the values of these £ Ji’s to 2. Denote this new
sequence by JH(1),..., JN(N). Clearly,
LUJR,..., JHN)) = LUD),..., MM =n; - &) .
Define
Jo(k) = JR(k) = J(k) for k=N+1,

and
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(2.4) Ut = a(ryg)k’ — k = ryp !, k<N,
(2.5) Ui = a(rpa)lk” — k = ryw!’s k<N,

where k'=k’(k)=inf{ j>k: K(j)=H(k)} and k" =k"(k)=inf{j>k: JN(j)=Jn(k)}.
Clearly,

(2.6) LULk=12.)=LU,k=12.. M =n),
.7 LU k=1,2.)=LUk=1,2,... M =m-¢.

For k=1,..., N, Ui and Uy are different only if one of the three events En (k)
(i=1, 2, 3) occurs, i.e.,

(2.8) {UL# Uy C LIJEN,,(k) ,

where the event En (k) is that Jv(k)=1, J¥(k)=2; En (k) is that Ji(k)=Jx(k)=1
and there exists a positive integer /< N—k such that N(i)=2 (i=k+1,...,
k+1-1), K(k+D=1, Ji(k+1)=2; En3(k) is that Ji(k)=2 and there exists a
positive integer /< N—k such that K())=JR())=1 (i=k+1,..., k+I-1), JN(k+])
=1, JH¥(k+1)=2. We have

P(En.(k)) = NomC N

N-k nl(nl — Dnyn; — 1)'-'(112 -1+ 2) . (n; — f)é

(2.9) P(Ena(k)) = IE N(N - 1)--(N— 1) ni(n; — 1)

Y
- -

& Ny v = Dy~ 141
@10 Pk = F D

(= Oem = £ 1+ 2
nm(m ~ 1)-(m—-1+1)

<E () ()= B0 - 56 -GIG)

So, for some constant D;>0,
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@.11) P(L‘J EN,,-(k)) < DiE/N) .

Note that in (2.9) and (2.10), the /-th term of the sum decreases geometrically
fast as /increases. Also, note that Uf and U% grow only polynomially fast in
k'—k and k"—k(see (2.4) and (2.5)), while P(k’'—k=I[) and P(k"—k=I)
decrease geometrically fast as / increases. So, it can be shown that for some
constant D;>0,

Y Enb) < Da,

(2.12) E{ Ui L’J EN,i(k)} < D, El uy'

for k=1,..., N, £<N"* and large N. So, by (2.8), (2.11) and (2.12),

N
E’ 2 (Ui - U)

N
< EIE{I Ui - U]

LiJ EN,i(k)] P(L,) EN,i(k))
<2D\DX .

That is, for 0<e<1 and <&*N"? and for large N,

N
(2.13) P(\ = (Ui~ UE)

> aNl/z) < 2D\Dx¢/(eN"?) < 2D1 Dz .
By (2.13), for any fixed z, for £<&’N'? and for large N,

P(N—l/z g,{U’: —-EU)}<z- 8) — 2Dy Dqe
N
< P(N“/2 kz_:]{Uk" - E(U)} < Z)

N
< P(z\f‘/2 (Ui - B(U)} <z + s) +2D\Dye .
which, by (2.6) and (2.7), is equivalent to

(2.14) P(N“/2 é{Uk _EU)<z-¢

Mz(v” = n1) fond 2D1D28
12 ¥ (1) _
< P(M (U~ EQU)} < 2| M{) = m — ¢
N
< P(Af’” I(U- BU) <2+ E'MA‘,” - nl) + 2D\,

1/2

for all positive integers é<¢’N"* and for large N. Therefore,

2.15) P(N“/2 g{Uk _ B} <z

_ < N(ME — Nm) < 0)
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is also bounded from below and above by the left-most term and the right-
most term of (2.14), respectively. By Lemma 2.2, letting N—o and then
e—0+, (2.15) converges to

lim P(Zo < z| - & <Z<0)= P(Z < z|Z = 0) = &(z/0) ,

and so

—_— N
lim im P(N“/2 Z{U - BU)} =z

MY = nl) < @(z/0)

. . an X 1
16)  <lim lim P(N RS U - E(UD} < 2+ e’ML’ - m) .
Since (2.16) holds for all z and since @(z/ o) is continuous in z, we have

N
lim P(N“/2 Z{Ui - E(U)} <z

MY = nl) - ®(z/0) . 0

PROOF OF THEOREM 2.1. Define, for k=1,..., N,

~ N+1 v
Vinv = — —
k,N a(rJ(k)) k k o 1 )
Vin, if k<N
Vin = N+1 |v -
a(riw)|((N+ 1) — k - f k>N,
Ry + 1

where k=/k(k)=inf{j>k: J(j)=J(k)}. Also define, for a=1,..., g,

N+1
na+l

v

a—

Wa N = a(ra)

3

where @=d(a)=inf{j: J(j)=a}. Since, conditional on M =n, (a=1,...,g-1),
g

all of the N!/ aI:[l no! permutations of m1%s,..., n, g’s are equally likely, and since
- g

under H, all of the N1/ OI;II n.! possible allocations of the N measurements to

the g samples of sizes ny,..., ng are equally likely, we have
(2.17)  L(N + 1)"B,| Ho)

8 N (a)
- L(Z Wen + ZVinNIMN =na,a=1,...,8 — l) .
=1 k=1

It is easily seen that
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g N N
(2.18) L({ Zwant X V,:,N} -z Vk,N’ M=o a=1,..,g- 1)
= 0x1) .

By (2.17), (2.18) and Lemma 2.3, it suffices to show that
N N () 1/2
(2.19) L( 2 U - Vi MY = o = 1,00, 8 - 1) = 0, (N .

Since the rq are fixed and & and k(k) are integers, k—k+r s implies that
k—k—r 7 is bounded away from 0. Clearly,

rd = (N+ 1)/(na+1)= O(N"),
so that for large N, for k—k#r 7,
(2.20) | Uk — Vin| < a(raw)vI D" |r 7 — (N + D/ (rsm + 1))
< a(raw)2vlk = k — r il [rom — (N + 1)/ (g + DI,

where D is between k—k—r ik and k—k—(N+1)/(nuw+1).
For k—k=rJ,

(2.21) | Uk — Vinl < a(raw)|r i — (N + D/ (nagy + 1D|° = ON) .
For 27'<v<1, since
sup{lk — k — riw|"™ k- k#rin} < supsup |j - ra' | < oo,
I=a=g jry'

it follows from (2.20) and (2.21) that

|2 (U= hnl| = MOV + OV} = 0N,

proving (2.19) for 27'<v<1. For v=1, by (2.20) and (2.21), for large N,

N N
(2.22) lE’n(Uk - Vk,N)l < E-l a(ra)r s — (N + 1)/ (naw + DI
N ~
+ 2v El{a(rftk))lk —k—ran""}
Aram = (N + 1)/ (nay + 1)

< {sup a(r)} £ ON")
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N
+2v kZ:Jl{Uk + a(rim)} ONY

N
=O(N™) + O(NY) Z U+ 0(1).
Since by Lemma 2.3,
N
L( k);l Uk‘Mm) =n,a=1,.,¢- l) = 0,(N),
it follows from (2.22) that

N
L( 2 (U = Vin)

MP=nya=1,.,g- 1) - 0,(1),
proving (2.19) for v=1. U

3. The case of B, with g=2

Condition (A) of Theorem 2.1 is needed for applying the central limit
theorem for strongly mixing sequences, i.¢., Theorem 18.5.3 of Ibragimov and
Linnik (1971). We conjecture that this condition is satisfied if the weights a(r.)
are not all zeroes. In this section, we compute ¢ for the case of v=2 and g=2
and show that Condition (A) holds in this special case. However, we are not
able to verify this condition for general v and g.

For v=2 and g=2,

o o 2
@B.1) o =var (U) +2 X cov(Us, Us) - rn'r Z cov (U, Mt .

Let 4= E(U)) and note that r,=1—r;. For ease of notation, let ai=a(r1) and
a=a(r,). We now evaluate separately the three terms on the right-hand side of
(3.1). For a=1, 2,

E(ULL") = gaa(i —1-ryra(l = ra”?
= aar;1(1 - ra) L)
(n (2) A
H= E(Ul) = E(UlI] )+ E(Ulll ): aglaara (1 _ ra) ’
2 - -
B = & B ab— 1 - iYL -

2
= glair:ﬁ {(1—r)+ 70 —ro +(1 —ra)’},



MULTIPLE SAMPLE TESTS 175
(3.2) var (U)) = E(U%) - i
2
= Elaﬁr? {(1=r) + 70 - ra* + (1 - ra)*}

2

(3.3) cov (U, Ity = E(UY) - pr,
=arin-n élaar;l(l -1,
(3.4) cov (U, II") = E(UUIY) — nE(U), for k=2
= aé‘:é aa(i — 1 — ra)re(1 — ra) *ry
+ak—1-r")YAd -rn)t?
+ ig.ﬂaz(i —1-riYA1-n “‘2}

X3 S N2y N2
rt a§“§ aa(l l ra)ra(l Ta) .

335 Zoov(Ui, i) = a T (k— 1 - i'VA( - n)*?
@ T T (-1 - B0 - )
-n :éé:é as(i — 1 = rYr(1 — r)™?
=airi'n+arn(n+2n) - n aZillaar;z(Z(l ~ 12
+(-rdY,
(36)  Zcov (U, U) = ZIE(UiUs) - i}
= kiz[azj;l"zz’ E{U U J(1) = J() = a, J() #
2<j<i- 1}P{) =J0) = a, J(j) # a,
2<j<i- 1}—,f]
S E{U UdJ(1) = J(k) = a, J(j) # a,

2o=1

2<j< k- BPUA) = Jk) =a, J(j) #a,

Mz

+

-~
(t

2<j<k-1}
-] 2
+ gzglE{UlUli(l) =q,J()#a,2<j<k}

X Py =a, J(j) # a,2 <j < k} .
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Since Uy is independent of the event { J(1)=J())=a, J(j)#a, 2<j<i—1}for i<k,
the first term on the right-hand side of (3.6) equals

S| 2T aui — 1 - rYoura(l = ro? - ,uz]

k=2{ a=1 =2

R -1y2,2 ;
=—u T T Tali~1-r)ril — ro)?

k=2 a=1i=k

2 5 2
= — ,U‘E]aara 20 —ra)+ (1 —rg)) .

Similarly, after some tedious algebraic manipulations, the second and third
terms equal, respectively,

2
El ara (1-ro)’
and

éla1az[(3+r,2,)+(l —ra-l—ri)(l —(1-ra)+(1 —ra)2)r;1(1 _ ra)_l] .

From (3.2), (3.3), (3.5) and (3.6),
o’ = 4@’ + 4addrirs’ + 8avay
which is positive if ai +a3>0. So, from the theorem, under Ho,
3.7 [N+ l)sz — N(alrI'rz + azrlril)]/[N(4a%rT3r§ +4ars’ + 8a1a2)]”2

converges to the standard normal distribution.

4. Some remarks

Remark 4.1. 1If one has a specific alternative in mind, then the weighting
function a should be chosen to maximize the power against the alternative.
However, since we are unable to obtain the asymptotic behavior of B, against
general alternatives, the problem of finding the optimal weighting function
remains open.

Remark 4.2. While only the special case of B, with g=2 was considered
in Section 3, the same techniques, with much more complicated calculation,
can be used to derive the asymptotic mean and variance of B, with any even
number v and any g. But, we are not able to deal with the case of non-even v.

Remark 4.3. It can be shown that
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L vl,1.  2N+D-n. 1
(e~ o) 1#) = s D7D e
So, for g=2,
(2N +D-m 1]
4.1) E(B.| Ho) = ‘“{ N+ Dm+2) m+ 1}
{ AN+ D) ~n 1 }
TW+Dm+2 m+1)

By (3.7), it 1s easily seen that
(4.2)  [(N + 1)’B; — (N + 1)’ E(By| H))]/[N(4airi’r + 4diriry’ + 8aiay)]”

is also asymptotically standard normal. Rao and Murthy (1981) presented
some limited simulation results for a statistic equivalent to B; with g=2 and
a=1. From their results, we obtained the (estimated) 95th percentiles of B, for
several pairs of (n1, n2). We then used the two normal approximations (3.7)
and (4.2) to estimate the probability that B; exceeds the 95th percentile. The
results are given in Table 1. It appears that approximation (4.2) is better than
(3.7). Both approximations are poor either when n; and », are small or when
the ratio ni/n; is far from 1. In addition, they both tend to overestimate the
upper tail probabilities.

Table 1. Normal approximations (3.7) and (4.2).

m 9 9 9 9 19 19 19 19 49
n; 9 19 49 99 19 49 9 19 49
(3.7) 0.253 0.177 0.180 0.276 0.161 0.102 0.116 0.170 0.064
(4.2) 0.147 0.098 0.098 0.163 0.099 0.060 0.069 0.105 0.043
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