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Abstract. Under the assumption that a (p+4q)-dimensional row vector (Y,
X) is elliptically contoured distributed, the conditional covariance of Y
given X=x is characterized in the context of correctly ordering the co-
ordinates Y;’s of ¥ based on X. This is an answer to a conjecture implicit in
Portnoy (1982). Moreover some unified theory is presented for the problem
of ordering Yi’s based on X. An essential tool is the decreasing in
transposition (D. T.) function theory of Hollander et al. (1977, Ann. Statist.,
5(4), 722-733).
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1. Introduction

Let Y=(Y1, Ya,..., ¥;) be an unobservable p-dimensional random vector
with a mean vector # and X=(Xi, X,..., X,;) be an observable g-dimensional
random vector with a mean vector v. If (¥, X) has ajoint elliptically contoured
distribution, we write (Y, X)=E,.,((& v), 2), and if normally distributed we
write (Y, X)=Nprg((@, v), 2). We assume that 2'is non-singular throughout the
paper. Let 2%, 2, and 2, denote the covariance matrix of X, and the
covariance matrix between X and Y, and the conditional covariance of Y
given X respectively. Let e denote the normalized p-vector whose all elements
are equal to 1/y/p. Portnoy (1982) has treated the problem of ordering or
ranking Yi’s based on X. Assuming that (Y, X)=N,,((4, v), ) and that the
conditional covariance of Y given X is of the form

(1.1) Ey:x =al + ﬂele

with real constants a and f, he showed
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(A) the probability of correctly ordering the co-ordinates Yi’s of Y is
maximized by ranking according to the order of the best linear predictors,
E(Y| X=x).

In this paper we assume that (Y, X)=E,.((& v), 2), and the following four
results are presented.

(B1) If 2, is assumed to be of rank p, that the fact (A) holds true for
u=te for some constant 7 implies that X, is of the form

(1.2) Swx=al+de+éea, whereae RandaeR.

(B2) If Zyy is not assumed to be of full rank p, that the fact (A) holds true
for all  implies that Z}.. is also of the form (1.2).

(Bs) Iftheconditional density of Y given X is assumed to be unimodal,
that Z,.. is of the form (1.2) implies that the fact (A) holds true.

(C) The problem of maximizing the probability of correctly ordering
Yi’s based on X may be treated in a unified way in terms of D.T. function in
the sense of Hollander et al. (1977).

Note that (B;) and (B:) are the answers to a conjecture implicit in Portnoy
(1982), and (B3) is a generalization to an elliptically contoured distribution
from a normal distribution, and that (C) gives a new point of view to this
ranking problem.

Note that the concept of D.T. function is known to be useful to unify the
monotonicity theory of many selection problems (see Berger and Proschan
(1984)). Our results show that our problem is one of such interesting
situations.

2. Terminologies and preliminary results

In this section we define some terminologies and list some preliminary
results which are needed in the subsequent sections.

DEFINITION 2.1. If a p-dimensional random vector Y has a density
function of the form

Q.1 h(y) = q((y - WZ (v - "),

where q(-) is a non-negative function on (0, «©), Y'is said to have an elliptically
contoured distribution and it is denoted as Y=Ey(u, 2). Moreover if g(-) is
non increasing, we say that the distribution of Y is unimodal and denotes as
Y=EMy(u, 2).

Note 2.1. When (Y, X)=Ep((%, v), Z), we use the terminology
E Y| X=x}=u+(x—v)Z ' Zyand Z;.=%,— Z,, X, ' X, evenif the expectation
and the covariance do not exist. It is well known that the conditional
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distribution of Y given X=x is E,(E{Y|X=x}, Z.x). In the unimodal case, the
unimodality is also preserved. For other properties and notations about an
elliptically contoured distribution, see Canbani et al. (1981).

Note 2.2. We also need the concept of a decreasing in transposition
(D.T.) function. A good reference for this is Hollander ez al. (1977).

DEFINITION 2.2. Let S(p) be the set of all permutations on the set of
integers{l,2,..., p}. Then for o € S(p), C(o) denotes the subset of R? defined as
follows,

Co)={y € R|yotn) < po) < *** < Yoip)} .

DEFINITION 2.3. A mapping J: x € R?—J(x) € S(p) is called a decision
(function) for the problem of ranking Yi’s based on X.

DEFINITION 2.4. The decision Jy is defined as follows,
ox)=0 if EY|X=x}eCo).

Note that do depends on (4, v, X). Here we cite the fundamental theorem of
Portnoy (1982), which will clarify our results, with easier proof than the
original.

THEOREM 2.1.  For the ranking problem of Yi’s based on X a decision
d(x) is optimal (that is, maximizing the probability of correctly ordering Y’s)
if and only if for almost all x

P{Y € C4(x))| X = x} = max P{Ye C()|X =x}.

PROOF. Let ¢’ be any decision and J be a decision satisfying the
condition of the theorem. Then we have

P{Y e C(o(x)| X = x} < P{Y € C(6(x))| X = x} for almost all x .

Taking an expectation of both sides of the above inequality with respect to X, it
is clear that d is optimal in the sense of the theorem. Conversely, any decision
not satisfying the condition of the theorem is clearly not optimal since
decisions satisfying the condition of the theorem really exist.

3. Characterization of conditional covariance

Before stating the theorems, we give lemmas without proofs (see
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Nomakuchi and Sakata (1988)).

LEMMA 3.1. Forp=3,let Y=E,0,2). If P{Y € C(0)}=1/p! forall o €
S(p), then X is of the form (1.2).

LEMMA3.2. Forp=3,let Y=EM)0,2). If Xis of the form of (1.2), then
P{Y € C(0)}=1/p! for all 0 € S(p).

We also need the next lemma for Theorem 3.1.

LEMMA 3.3, Let (Y, X)=FEpn(u, v), 2). Let U be any measurable
neighbourhood of v in R*. Then P{X € U}>0.

PROOF. Without loss of generality we may assume 2=17and (&, v)=(0,
0). Set T={(y, x)|x € U}. Then P{(Y, X) e T}=P{X e U}. From the sphericity of
the joint distribution, the regions obtained by rotations of T have the same
probability P{(Y, X) € T}. Since R*" is covered by countable these regions,
P{X € U} must be positive.

THEOREM 3.1. Let (Y, X)=E,((1t, v), X)) with g=p=3. Assume that
Zy is of rank p. If d¢ is optimal for u=te with some real constant t, then X
has the form of (1.2).

PROOF. Without loss of generality we may assume v=0. Since Y—te €
C(0) is equivalent to Y € C(a), we also assume p=0. Let do be optimal. From
Theorem 2.1, it holds that if E{ Y| X=x} € C(0), P{Y € C(a)|X=x}=m§1([))§ P{Ye

C(7)| X=x}, whichimplies P{ Y € C(0)| X=x}=1/p!. Since (Y, X) has the ellipti-
cally contoured distribution, from Lemma 3.3, there exists a sequence {xi}
such that x,—0, E{Y| X=x;}=x:Z: ' Xy, € C(0), and P{Y € C(a)|x=x:}>1/p!.
Since (Y, X) has a density, it is not difficult to check P{Y € C(g)| X=0}=
limP{Y € C(0)| X=xi}. Therefore we have P{Y € C(g)| X=0}=1/p!. Since this
holds for any g € S(p), it follows P{Y € C(a)| X=0}=1/p! for any o € S(p).
Applying Lemma 3.1, the proof is completed.

Next theorem treats the case where Xy, is not of rank p. In this case
E{Y| X=x} may be restricted to the set of Lebesgue measure 0, for example,
the boundary of some C(c) even if x take all values of R?. For this situation, it
is obvious that we must introduce the class of randomized decisions. A
randomized decision ¢ is defined as a mapping from the sample space of
X(= R to the set of probability measures on S(p). Typically do is defined as
follows: do(x)=0 with probability 1 if E{ Y| X=x} € Int(C(0)) and do(x)=0: (i=1,
2,..., k) with probability 1/k, if E{Y|X=x} € Bd(((s:)), where Int(4) and
Bd(A) denote the interior and the boundary of the set 4 respectively.
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Moreover, in this degenerate case, to obtain those sequences {x;} in
Theorem 3.1, we need to assume that u is not fixed.

THEOREM 3.2. Let(Y, X)=E (1, v), 2). If do=00((1, v), X) is optimal
forall ype U, . must be of the form (1.2). Here U may be an arbitrary small
neighbourhood of the origin of R”.

PROOF. Under the assumption, the existence of the sequence {x;} in the
proof of Theorem 3.1 is clear. Rest of the proof is the same as that of Theorem
3.1

THEOREM 3.3, Let (Y, X)=EMp((, v), X). If Zy.x has the form of
(1.2), then do is optimal.

PROOF. This is postponed to Example 4.2.

4. Unified theory through D.T. function theory

In this section we present some unified theory for the problem of ranking
Y:’s based on X. In Portnoy (1982) and our previous sections the conditions
are needed on the conditional covariance of Y given X=x in order that the
decision Jo is optimal. Here we show that optimal decision functions are
determined by the D.T. structure of conditional density function f{ y|x).

THEOREM 4.1. Assume that the conditional density of Y given X=x,
S(y|x), is represented as f(y| x)=h(p, §(x)), where g(x)=(g1(x), 8(x),..., 8(x))
and h(y, z) is a D.T. function in y and z. Then the probability of correctly
ordering Yi’s is maximized if, observing X=x, Yi's are ordered according to
the order of gi(x)’s (k=1, 2,..., p).

PROOF. From Theorem 2.1, the maximal probability is realized when,

for X=x, Yi’s are ordered according to the order represented by the cone C(g),

where P{Y e C(0)| X=x}= mg(x) P{Y € C(v){X=x}. Now, without loss of
TeSp

generality, we may assume that g,(x)<g»(x)<---<gp(x). Then, since A(y, z) is a
D.T. function in y and z, for any 1 € S(p)

h(y,g) < h(y(v),g) forall ye (7).

Integrating both sides of above inequalty on the set C(7) with respect to y,
we have that

Jocow B, DAy < [,y HOAT), g(x))dy
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f{)’lyl<yz<---<yp] h((yl’ yza“'a yP)’ g)dy >

which implies that
P{Ye C(1)|X =x} < P{Ye C(o0)| X =x} forany rteS(p).
This completes the proof of the theorem.

Example4.1. Letassume that (Y, X)=Npo((1, v), 2) and Zy..=al+fe'e.
Then the conditional density of given X=x is

f1x) = h(p. g) = cexp{— (1/2(y — T (y — &)},

where g= E{ Y| X=x}. Since Xy is of equi-correlated structure, A is D.T. (see
Hollander ef al. (1977)). Hence the probability attains its maximum when a
decision dy is adopted, which was a main result in Portnoy (1982).

Example4.2. Let(Y, X)=EM,.((% v), X) and Z,.x=al+e'a+d'e. Then
the conditional density is

f1x) = h(y,8) = q((y = 82y — 8)),

where g= E{ Y| X=x}, and g is a non-increasing function on [0, ). Neglecting
a constant multiplier we can write Xy..= I+ fe‘e+y(a'e+¢'a) with [a| =1, ae'=0,
where fandy€ R' and ae . Since A=1 +B-y*=(e—ya)Z,x(e—ya)'>0, setting
I=I-(1+1"")e'e+yA " g'e, we have that YI'=EMo(gT’, I). Since z € C(0) is
equivalent to zI" € C(o) for any z € R” and o € S(p), without loss of generality,
we may take Z..=/ Then the quadratic form in g(-) is D.T. and therefore
f(r,g1x) is D.T. Applying Theorem 4.1, we have Jo is optimal. This gives the
proof of Theorem 3.3 from a unified point of view.

Example 4.3. A density function f{x) is said to belong to the Furlie-
Gumbel-Morgenstein family with four variables if it is represented as follows
(see Johnson (1985)),

4
£ = I ia[1 + 2, as {1~ 2R} {1 - 2Fi60)
4
# o+ ama T~ 2603
where F;is the distribution function of f;, j=1,..., 4. Here we consider a simple

special case where fi(x)=h(x),j=1,...,4, @y;;,=0 (1</1<j2<j3<4), and 1234=0.
In this case the conditional density of (x1, x2) given (x3, x4) is represented
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as follows,

J(x1, x2|x3, x4) = h(x1)A(x2)[S1(x1, X2) + S2(x3, x4)
— {1 = 2H(x1)}g1(xs, x4)
= {1 = 2H(x2)}g2(x3, xa)]/{1 + S:x(x3, x4)}
= h(XI, X2, gl(x3, X4), gz(X3, X4)IX3, X4) s

where

g1(x3, xa) = — ans{l — 2H(x3)} — aua{l — 2H(x4)} ,
8203, x4) = — ans{l — 2H(x3)} — aza{l — 2H(x4)}
Sl(.X1, X2) = a12{l - 2H(x1)} {1 - ZH()Q)} )
Sz(X;, X4) = (234{1 - 2H(.X3)} {1 - 2H(X4)} ,

where H(x) is the distribution function of A(x). Routine works ascertain that
h(x1, x2, g1(x3, x4), g2(x3, X4)| x3, x4) is a D.T. function in (x1, x>) and (g1, g2).
Hence it follows that an optimal decision function ranks (xi, x2) according to
the order of g, and g,. This gives an example other than an elliptically
contoured distribution to which Theorem 4.1 is applicable.
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