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Summary

The purpose of the present paper is to propose a practical procedure
for the estimation of the binary response curve. The procedure is
based on a model which approximates the response curve by a finely
segmented piecewise constant function. To obtain a stable estimate
we assume a prior distribution of the parameters of the model. The
prior distribution has several parameters (hyper-parameters) which are
chosen to minimize an information criterion ABIC. The procedure is
applicable to data consisting of observations of a binary response vari-
able and a single explanatory variable. The practical utility of the
procedure is demonstrated by examples of applications to the dose re-
sponse curve estimation, to the intensity function estimation of a point
process and to the analysis of social survey data. The application of
the procedure to the discriminant analysis is also briefly discussed.

1. Introduction

The most important problem of the analysis of binary data is to
study how the probability of occurrence of a certain phenomenon de-
pends on explanatory variables. Various methods to treat this problem
are studied by many statisticians (for example, see [3]). A new Bay-
esian approach to a specific problem of this field, that is, cohort anal-
ysis problem, is recently developed by Nakamura [10]. This Bayesian
approach is originally introduced by Akaike [1] as a tool to deal with
a regression analysis problem where the number of the parameters to
be estimated is large compared with the sample size and already found
a wide range of applications [1], [2], [4], [5], [6], [10].

The purpose of the present paper is to show that this approach
can be applied to the problem of the estimation of the conditional prob-
ability of occurrence of a specific phenomenon given a value of an ex-
planatory variable. The basic assumptions are that the values of the
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explanatory variable are ordered and that the conditional probabilities
of the occurrence are changing smoothly with order. Our method is
applicable not only to those cases where the explanatory variable has
ordered classifications but also to cases where it takes continuous values.
The method easily realizes the estimation of a series of probabilities even
if they vary in a complicated fashion as far as the change is smooth.

A review of Akaike’s Bayesian procedure is briefly given in Sec-
tion 2. Our Bayesian response curve model is proposed in Section 3
and a numerical procedure is set out in Section 4. The practical utility
of the present procedure is demonstrated in Section 5 by a wide range
of applications: the dose response curve fitting, the estimation of the
intensity funection in the point process analysis and the analysis of pub-
lic opinion poll data. A new approach to the discriminant analysis is
also demonstrated by applying it to a set of artificial data. In Section
6 we discuss the stability and the accuracy of the procedure and the
relation to classical procedures.

2. Akaike’s Bayesian procedure

In this section we will briefly review the Bayesian technique to
estimate regression coefficients proposed by Akaike [1].

Assume tWat the relation between a variable y and a vector of in-
dependent variable x is expressed by

(1) y=x0+c¢,

where ¢ is a random variable which is normally distributed with mean
0 and unknown variance ¢ and @ is an unknown coefficient vector.
When observations (y;, x;) t=1,---,n are given, the maximum likeli-
hood estimate of @ is obtained by minimizing

(2) P ly;—xi0=|y— X0,

where y=(y1,- -+, ¥,) and X=(x,,---, x,)'. This estimate, however, is
unstable when » is small compared with the dimension of 8.

If it is known a priori that @ is close to a known value 6, or
|D(@—8,)} is small for some fixed matrix D, it is reasonable to esti-
mate & by minimizing

(3) ly— X6 +w*| D(0—6,) .

The result, however, depends on the choice of the weight w?. Akaike
argued that the minimization of (3) is the maximization of

(4) exp {—|y— X020} - exp {—| D(6 —6,)'w*/20%} .
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The first term of (4) is proportional to the likelihood L(y|@, %) of &
and ¢ for a given set of observations. When normalizd, the second
term can be regarded as a density function =(&|w? ¢*) of 8. Thus the
estimate of @ obtained by minimizing (3) is regarded as the mode of
the posterior distribution of 4.

In this context the choice of w? is interpreted as that of a param-
eter of a prior distribution of #. From these considerations Akaike
proposed the use of the marginal likelihood given by

(5) S L(y|8, o)n(6|w?, o*)d6

as a criterion for the choice of w® and ¢*. Those values are to be
chosen so that (5) is maximized. Considering the relation to the sta-
tistic AIC (Akaike Information Criterion), Akaike defined the statistic
ABIC by

(6) ABIC= —2 log S L(y|8, 6Y)r(8|w, 46 .

3. Bayesian response curve model

Our purpose is to estimate the conditional probability p*(x) of oc-
currence of a certain phenomenon given a value of an explanatory
variable x, which may take either continuous or discrete value. In the
following, however, we will assume that it takes continuous value. The
treatment of the discrete value case will be apparent. We assume
that p*(x) can be approximated by a piece-wise constant function p(x)
defined by

(7) - p(®)=p;, if ;. <r=a;,

where a,<a,<a;<---<a, are suitably chosen segment points. Note
that this assumption is not too severe if we can take |a,—a,_,|'s suf-
ficiently small.

Suppose that a set of data (h,, x,), ©=1,2,---,n are given, where
h; takes 1 or 0 according to the occurrence or un-occurrence of the
phenomenon and x; denotes a value of the explanatory variable.

Without loss of generality we assume that {x,} satisfies a,<x;<a,
for i=1,-.-,n. Then the likelihood of the parameter vector p=(p,
-++, ) of the model (7) is given by

(8) L(p)=]T pla{1—pl@)) =T py*(1—p)?,

where n(k, j) denotes the number of data which satisfy both h,=k and
0, <rSay.
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Let n(s) be defined by
(9) n(J)=n(1, 5)+n(0, J) .

If n(5)>0 for j=1,-..,¢, the maximum likelihood estimator of p(x) is
given by

(10) pa)="LD) it g, <o<a,.

n(J)
It is well known that 7(x) is unstable or unreliable when n(j) is small.
Moreover, if n(j) is equal to zero for some j, 7(x) remains undefined
for a;, <x=a;.

Our purpose is to develop a procedure which is applicable even if
n(j), j=1,---, ¢ are close or equal to zero. To avoid the above stated
difficulty, we develop a Bayesian modeling method, which is an analo-
gous to Akaike’s method reviewed in the preceding section.

As a preparation, we introduce here the logit transformation {g,}
of the parameters {p,} of our model, which are defined by

(11) q,=log — 2 (G=1,--+,0),
1—pf

where and hereafter log refers to the natural logarithm. Then, the
inverse transformation is given by

12 ___exp(g,) i=1,---,¢),

(12) P = exp (@) @ ) )

and the likelihood of our model as the function of ¢,’s is given by
c X n(l, ) 1 n(0, 5O

13 Lia)= { exp (¢,) } ‘ { }

(13) (@ ,Ul 1+exp(g,) 1+exp (g,)

=17 _{exp (g)}™”
=1 {1+exp (g)}"”

We assume that p*(x) is a continuous function of x, then it is
natural to expect that the second order differences of {g,}

q;—2q¢;-1+9;-2

are close to zero for j=1,-.-,¢, when ¢, and ¢_, are suitably chosen.
To formalize this expectation we assume that the parameter vector
q=(q1, Q- -, q.) obeys to the prior distribution defined by

(14) w(q|v)=(—o—) exp {~ L IDg+r] ,

where D is a matrix defined by
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r 1 -
(15) p=| 1-2 1
0 I
! 1 -2 1)

and 7 is a vector defined by

—2

1
(16) r=l0 1 (q“) .
0 do

If the value of +* is specified, it is reasonable to define the estimate
of ¢ by the mode ¢ of the posterior distribution of ¢ which is propor-
tional to L(q)r(q|v?).

As a criterion for the choice of v* we adopt ABIC in the preced-
ing section, which is defined by

an ABIC=—2log S Lg)(g|v)dg .

The value of v* is to be chosen so that it minimizes ABIC.

4. Numerical consideration

The main difficulty with our approach lies in the maximization and
integration of L(q)x(q|v*.

The maximization can be numerically carried out adopting Newton’s
procedure, which is efficient for the present situation because of the
negative definitness of the Hessian of the log-likelihood.

It is also observed that the higher order derivatives of the log-
likelihood are bounded for entire space of parameters (see Appendix).
This indicates that when ¢* is sufficiently small, i.e. n(q|v®) is sharp
compared with L(g), the integral can be well approximated by

(18) [ exp (T(@))da

where T(g) denotes the Taylor expansion of log {L(g)x(q|v*)} up to the
second order term around the maximizing point q.

Since T(q) attains its maximum at ¢, the first order term vanishes
and T'(q) has the form

(19) T(q)= T(é)—%(q—é)‘H @@e-d .,
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where T(q) is defined by
(20) T(@)=log L(q)=(q|v")

and H(g) can be decomposed into the form
(1) H(&)=G+-57D‘D .

Here D is the matrix defined by (15) and Gisa diagonal matrix whose
(4, 7) element is given by

(22) Gy =), 1—b,) ,

where 9, is defined by

(23) b,= €Xp (é/?\ .
1+exp (q,)

Though the exact evaluation of ABIC (17) for fixed ¢q_,, ¢, and %* is
difficult, an approximate value is given by

(24) ABIC=—2T(q)+log {det H(q)} —clog 2 .

Our proposal is that q_,, ¢, and v* should be chosen so that they mini-
mize (24) instead of (17). Note that q_, and g, affect (24) only through
the first term and can be determined by maximizing L(q)x(q|v*) simul-
taneously with q. The optimization of (24) with respect to +! is non-
linear, so we adopt the grid search technique here.

5. Numerical examples

We first apply the procedure to the data shown in Table 1 which
were introduced by Mays and Lloyed [8], [9] and were analyzed by Noda
and Murakami [11]. The table shows the number of mice with sarcoma
in each of eleven treatment groups. The object is the estimation of
dose-response curve for carcinogenesis on the basis of the data. Noda
and Murakami dealt with the data as the problem of the maximum
likelihood estimation of two-phase segmented line and have got the
result shown in Figure 1.

In our procedure we must choose the number of classes ¢. Let x,
and x,, be the smallest and the largest respectively in the values taken
by a given explanatory variable. When the precision of the observa-
tion is d, we set ay=x4,—d/2, a,=%,+d/2 and divide the interval (a,,
a,] into ¢ equal intervals. Here we may properly choose the value of
¢ so as not to lose the information of the data by discretization. It is
convenient to adopt min {2n, R/d, 100} as the value of ¢ unless other-
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Table 1. 22%Ra-injected mice

Dose Number of mice I
Rads. : ?C'
peore 0aays| g0 dme wih

6,420 (3.81) 4 38 86.4
3,640 (3.56) 43 3 79.1
2,040 (3.31) 45 28 62.2
1,190 (3.08) 104 45 43.3
614 (2.79) 104 22 21.2
480 (2.68) 239 56 23.4
383 (2.58) 504 94 18.7
244 (2.39) 683 80 11.7
109 (2.04) 247 19 7.7
62 (1.79) 252 5 2.0
26 (1.41) 254 11 4.3

From Table 1 in [11]. Numerical values in the parentheses
represent the common logarithm of doses.
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Fig. 1. From Fig. 1 in [11].
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wise designated, where R=a,—a,. Although we may choose the value
of ¢ according to this rule for the above data set, we put ¢=40 to
serve the convenience of being compared with the result by Noda and
Murakami.

Some results for the above data are shown in Figures 2.a-e each of
which corresponds to a value of the hyper-parameter v. Each figure con-
sists of class boundaries and the estimates of response probability in each
class. In Figures 2.a-e log dose is adopted. Since ABIC has its mini-
mum 1919.86 for »=0.0078125, the minimum ABIC procedure gives the
smoothly increasing curve shown in Figure 2.d as the final estimate.
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Fig. 2.d-e

Our procedure is applicable to cases where the response curve has
more complex structure. The next example is a binary time series data
pertaining to the sequence of the dates of rainfall observed in the basin
of the Kanna River (1.1.1956-12. 31.1956) and is analyzed earlier by
Ozaki [12] as a point process analysis problem.

When z and n(a, b] denote the time and the number of occurrences
of a specific event during the time interval a <2 <b, the point process
analysis concerns with the estimation of the intensity function A(x) de-
fined by

Pr {n(x, x4+ 42]=1} = (x)dx+o(4x) .

If o(4x) is negligible uniformly for some finite 4z, compared with A(x)4x,
we can approximate Pr {n(x,x+4x]=1} by a conditional probability
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function p(x) defined by

MAKIO ISHIGURO AND YOSIYUKI SAKAMOTO

p(x)

=A(x)dx .

p(x) is approximately the probability of the occurrence of a specific
event during time x to x-+4x.

When we set 4t equal to one day and apply the present procedure
to the series of events of rainfall occurrences, we get Figure 3 as the
final estimation of the conditional probability function. In the figure
seasonal variation of the intensity function is clearly seen: the two
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peaks corresponds to the two rainy season of late June and September ;
the one hump corresponds to the rainy spell at rape-plant blossoming
time in late March and early April. The shape of the estimated inten-
sity function is almost the same as that by Ozaki shown in Figure 4.

T T T T T T T 1] T L] 1
0.00 65.83 121.57  182.56  243.33  304.17  355.00
Fig. 4. From Fig. 13 in [12].

In the point process analysis the probabilities to be estimated are
in general very close to zero. Our procedure remains valid to such
cases. Fig. 5.a shows the final estimation of the intensity function for
the time series data of computer failures (Machine 3) reported by Lewis
[7]1. Readers should note that the rate of occurrence of failures in very
small and that a particular trend in the rate is clearly found. No sig-
nificant trends were found for the data of Machine 1 and 2 of the
above paper (Only the result for Machine 1 is shown in Figure 5.b).

The present procedure is also useful for the analysis of social survey
data. The data shown in Table 2 were obtained in a public opinion
poll conducted by the Institute of Statistical Mathematics in Tokyo in
December 1981. They asked whether a respondent prospects as the
existing one-party cabinet will endure or not. Table 2 is the two-way
table of responses to this question by age. Our purpose is to estimate
the probability supporting the first response category “ will endure” in
each age group. The final result is shown in Figure 6 which shows
that the probability of the first opinion takes its maximum value 0.7143
at the age of 42. This seems to mean that a man of middle age has
the most conservative view. Thus the present procedure is applicable
even to the data with some empty cells as seen in Table 2.

We shall finally add that the present procedure leads to a new look
at the diseriminant analysis.

The object of discriminant analysis has long been believed to set
up, using the information conveyed by observed data, a rule to allocate
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NOW
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NO. CLASS BOUNDARIES ESTMATED
PROBABILITIES
0.

0+1000C=02 042000C=02 0430000~02 0440000~02 045000002
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1 1 |
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044024D+04~ 0,43670404 0429910~02
0443670404~ 0,47090404 0429950-02
0447090404~ 0,50510404 0430000-02
0450510404~ 0453940404 043004D=02
0453940404~ 0457360404 .
045736D+04~ 0,60790404 0430140-02
16 0460790404~ 0,64210404 0430160-02
17 04642104064~ 0.67630404 0430230-02
18 0467630404~ 0,71060404 0.
19 0471060404~ 0,74480404 0430320-02
20 0474480+04~ 0,7791D+04 0430370-02 -
21 0477910404~ 0.81330+04 .
22 048133D+04~ 0,8476D404 0430470-02
23 048476D+04~ 0.88180+04 0430510-02
24 0.88180+04~ 0,9160D+04 043056002
25  0491600+04~ 0,95030+04 0430610-02
04 0430650-02
27 0,9845D+04~ 0,10190405 0430700-02
28 0¢1019D+05~ 0,10530+05 0430750-02
29 0410530405~ 0,10870+405 0.
30 0410870405~ 0,11210405 0430850-02 -
31 0411210405~ 0.11560405 0,30890-02
32 0411560405~ 0,11900405 0430940-02
33 0411900405~ 0.12240+05 0.30950-02
34 041224D+05~ 0.12580405 0431040-02
35 041258005~ 0,12930405 0.31080-02
36 041293D+05~ 0,13270405 0.31130-02
37 041327005~ 0.13610405 04331b60-02
38 041361D+05~ 0.1395D+05 0.31230-02
39 0413950405~ 0.14300+05 0.31280-02
40 041430D+05~ 0,1464D+05 0431330-02
41 0,1464D+05~ 0,1498D¢05 0431370-02
42 041498D+05~ 0,15320+405 0431420-02
43 0415320405~ 0.15670+405 0431470-02
44 0415670405~ 0416010405 0431520-02
45 0.16010+05~ 0,16350405 0431570-02
46 0416350405~ 0,16690+05 0431620-02
47 0416690405~ 0,17040+05 0.31670-02
48  0.1704D+05~ 0,17380+05 0431720-02
49 0417380405~ 0,17720405 0431770-02
50 0417720405~ 0.1606D+05 0.31620-02
51 0+1806D+05~ 0,1841C+05 0431860-02
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Table 2
The existing The existing
Age ‘wn(l:ameWiu Total Age ‘Wil?abmefwm Total
(yrs.) | endure’ not’ (yrs.) | endure’ not’

20 3 4 7 58 9 3 12
21 5 5 10 59 5 3 8
22 10 3 13 60 4 2 6
23 5 6 11 61 7 3 10
24 6 4 10 62 5 5 10
25 6 2 8 63 5 1 6
26 5 7 12 64 7 2 9
27 10 3 13 65 1 2 3
28 9 5 14 66 1 3 4
29 6 6 12 67 3 1 4
30 12 4 16 68 0 3 3
31 10 2 12 69 1 4 5
32 11 6 17 70 0 1 1
33 14 5 19 71 3 6 9
34 12 7 19 72 2 3 5
35 6 4 10 73 3 1 4
36 6 1 7 74 0 0 0
37 7 5 12 75 1 2 3
38 14 3 17 76 1 0 1
39 13 3 16 77 1 1 2
40 7 4 11 78 2 2 4
41 6 3 9 79 0 0 0
42 5 2 7 80 2 1 3
43 9 3 12 81 0 0 0
44 10 3 13 82 1 1 2
45 7 5 12 83 0 0 0
46 13 1 14 84 0 0 0
47 11 3 14 85 0 1 1
48 8 0 8 86 0 0 0
49 7 1 8 87 0 0 0
50 4 5 9 88 0 0 0
51 12 3 15 89 0 0 0
52 9 7 16 90 0 0 0
53 6 4 10 91 0 0 0
54 7 5 12 92 0 0 0
55 6 2 8 93 0 0 0
56 5 5 10 94 0 1 1
57 5 4 9

Total 371 197 568




BAYESIAN APPROACH TO BINARY RESPONSE CURVE ESTIMATION 129

N8+ CLASS BOUNDARIES ESTMATED
PROBABILITIES
0420000400 044000000 0460000400 0480000400 0010000401
0410000400 0430000400 0450000400 0470000400 0+90000+00 '
| ' 1 1 1 ! 1 1 1
1 0419500402~ 0. 20500002 0 59570400 [} ! 1 1
2 0420500402~ 0 1 [l | |
3 0.21500%02~ 2 o 61220400 I i i ]
4 0422500402~ 0462030400 i 1 1 |
5 0423500402~ 0462520400 1 1 1 '
6 C.2450D¢02~ 0463600460 1 1 1 1
7 0464370400 1 1 1 [l
8 0465110400 1] ] 1 [l
9 402 0465030400 1 1 1 |
10 2 04606510400 ‘ o -|emanene lneescna lesameoe 1
11 067170400 ] ] ] i
12 ~ 0467790400 | | ll |
13 0431500402~ 0432500402 3 ) 1 1 1
14 3 0 ) ] 1 1
15 0469390400 1 | i 1
16 0069630400 | ] 1
17 . 0470220400 | | |
18 0e 36500’02' 0470570400 1 ] ]
19 0437500402~ 0438500402 047086D+00 1 | |
20 0438500402~ 0439500402 0471090400 |ememaee omneern 1
21 0439500402~ 044 0471260400 1 1 !
22 0e71370400 ! ! !
23 071430400 l} i }
24 0471420400 | l 1
25 44 0471360400 | 1 1
26 0444500402~ 04 Assnu'uz 0471200400 ! | i
27 0445500902~ 0446500+02 (+71000+00 ' | '
28 0446500402~ 0447500402 Ca70720900 ' 1 |
29 0.47500402~ 0448500402 0470370900 ! | 1
30 048500402~ 0449500402 0. B |meemace [ 1
31 0.49500402~ 0450500402 Ge69470+00 | | | 1
32 0450500402~ 0451500402 0.68930+00 1 ' 1 )
33 0451500402~ 0452500402 G | 1 | 1
34 0452500402~ 0453500402 0467690400 | t i '
35 0453500402~ 0454500402 0467000460 | | | 1
36 0454500402~ 0455500402 0466260400 i 1 I '
37 0455500402~ 0 2 0. | | | ]
33 0456500402~ 0457500402 0464670400 1 ! 1 )
39 0457500402~ 058500402 0463810400 ! 1 1 |
40 0458500402~ 0459500402 0462910400 alecanenn [l lemmnemn |
41 0459500402~ 0,60500402 0461970400 | 1 i 1l
4z 0460500402~ 0461500402 0461000400 ' | 1 |
43 0461500402~ 0462500402 0459960400 I | I ]
44 0462500402~ 0. 2 0. o | | 1 | |
45 0463500402~ 0,64500402 0.57870400 1 I ] ] ]
“6 0464500402~ 0465500402 0456770400 1 ) ' ! 1
47 0465500402~ 04 0. ; ' 1 ] ' \
43 0.66500002~ 0.67500402 0454520400 | 1 i ]
49 0467500402~ 0,68500402 0453390400 | | | 1
50 068500402~ 0469500902 0452260400 [EEEEELS lemasees (R laseeace
51 0469500402~ 0470500402 0451130400 I ) 1 1
52 0470500402~ 0471500402 0450010400 1 I ] 1
53 0471500402~ 09,72500402 0 00+00 \ \ 1 ) 1 ]
54 0472500402~ 0473500402 0447790400 ! ] I 1 1 1
55 0473500402~ 0.74500402 0 1 ] ] ] 1 )
56 04764500402~ 075500402 0 1 ] ] 1 ] 1
57 0475500402~ 0476500402 0 ] ] 1 ] ]
58 0476500402~ 0477500402 0443400400 ) [} [} ' 1
59 0477500402~ 0478500402 0442300400 1 1 ] ] ]
60 0478500402~ 0479500402 0441210400 |econccea |aseocan |emanmen |escssna |ocacess
61 0479500402~ 0,80500+02 0440120400 | | I i ]
62 0480500402~ 0,61500402 043 I ] ) ] ] 1
63 0481500402~ 0.82500402 0437950400 1 [} ! ] ' ]
64 0482500402~ 0483500402 0. ) ] 1 1 1 1
65 0463500002% 0484500002 0o35510400 MMMMMEMIMIMMIHININN NN NNNNURTE | I ] [} ' ]
66 0084500402~ 0,85500402 034750400  HMKAMIMMMNMMIINNIMINENNNRNNNNN | [} I ' ] 1
67 0485500402~ 0486500402 003370000 S MMMMIMI N KNI MNNNMNNIE XM [l [} 1 ] [} '
68 0486500402~ 0087500402 0032670400 3941 oI MMM MM MMN BN 1 1 ] 1 1 ] ]
69 0487500402+ 0 88500402 o.nesu'oo RN NI IEIE I IO I D 8 [} 1 1 ' 1 ] 1]
70 R lemmennn lomanena Jomnmnan Jmmmemna Jareaeme \
71 0 0. 0 O-s ] | | ) 1 ! )
72 0490500402~ 0491500402 O ] 1 1 1 ' ] 1 )
73 D 91500+02~ 0 92500'02 0027730400  HIMMMMMMMNEKNNERRENNNRIEN | 1 ] 1 | ] : 1
74 . 1 ) ) 1 1 ] ]
75 0- 0. 04258 1 1 ! 1 i 1 1 '

Fig. 6

a new individual to the correct population. In almost every works in
the literature it is taken for granted that each population is of normal
distribution and discrimination can be realized by dividing the sample
space into the corresponding regions. Such procedures may be useful
if the approximation by normal distribution is natural and they are
well separated as illustrated in Figure 7.a. In practical situations,
however, it is not rare that the populations are entangled as shown
in Figure 7.b. In this case it is dangerous to insist on the one-or-
another type procedures. Moreover, we can seldom believe in the as-
sumption of the normality. For example, given the following data set
drawn from each of the two populations shown in Figure 7.c, any pro-
cedure based on the normality assumption has to fail.

GROUP1 0.10 0.21 0.26 0.29 0.52 0.57 0.64 0.73 0.80 0.81
GROUP 2 0.01 0.04 0.21 0.29 0.79 0.90 0.94 0.96 0.97 1.00

These observations strongly suggest that we should not try to set
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Fig. 7.a-c

up a rule to allocate an individual to one or another population but
should modestly try only to estimate the probability of obtaining the
individual from a specific population. Thus the problem reduces to the
estimation of the probability of an individual’s belonging to a specific
population given a value of the explanatory variable.

When we set ¢=40 and apply the procedure to the above artificial
data, we get the final result shown in Figure 8 which shows the series
of estimates of the probability belonging to GROUP 1 in each class.
The truth is that these two groups of data have randomly drawn from
the two populations having the probability density functions fi(x)=
—6x2+6x and fy(x)=12¢'—12x+3 (0=<x=1), respectively. Thus the
true function to be estimated is p*(x)=fi(x)/{fi(x)+ fi(x)} = —143/(62*
—62+3) as shown in Figure 9. The final estimate by our procedure
resembles closely the true function in shape. These observations show
that the present procedure reconstructs the true function fairly well.
As is illustrated by the practical data in Table 2, it will be very often
convenient to adopt our formulation.
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The curve estimated from the Kanna River data is more compli-
cated in structure. We shall examine the stability of the present pro-
cedure by applying it to this set of data. Figures 11.a-e are the final
estimates where ¢=10, 20, 30, 50 and 150, respectively. These figures
demonstrate the following facts: If the value of ¢ is not less than 20,
the procedure picks up the two peaks; If it is 30 and over, one more
hump emerges; If ¢=50, the estimated probabilities are fairly stable
regardless of the value of ¢. These observations show that the esti-
mation of a response curve by the procedure is usually good enough
for practical purposes if only the number of initial categories is suf-
ficiently large, say, ¢=50.

Our procedure has a close relation to the linear logistic models (Cox
[3], for example). It is easily shown as follows:

Assume that p, is linearly parametrized by

exp (0,+6,7) (G=1,2,---,¢).

=lo -
Py £ 1+exp (60+6.9)

Let 4, and 4, be maximum likelihood estimates of parameters 6, and 4,,
respectively, of this model. Then it can be seen that our Bayesian
estimate ¢, converges to §,+8,5 for each j as the hyper-parameter 2*
tends to zero. Such is the case for the result given as Figure 5.b.
The extension of this relation to Kth order logistic models defined by

K .
exp (g 0u">

K
1+exp (E m‘”)

(K=0)

(25) p;=log

is straightforward. When the second order difference of {g,} within
the definition of the prior density (14) is replaced by the (K+1)th order
difference, our estimate ¢, converges to

il

~ K 4 .
q; g 0.3* .

for each j as ' tends to zero. Of course, {f,} are maximum likeli-
hood estimates of the parameters of the model (25).

Concluding remarks

There are two types of random variables, categorical and continu-
ous, and then there are four types of relations between two sets of
variables as follows:
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Explanatory variables

Response

variables Continuous Categorical
Continuous Case 1 Case 2
Categorical Case 3 Case 4

Regression analysis is the most familiar statistical technique for ‘Case
1’; analysis of variance is for ‘Case 2’; discriminant analysis is for
“Case 3’; and contingency table analysis is for ‘Case 4’. Sakamoto
and Akaike [13] and Sakamoto [14] proposed a practically useful pro-
cedure for ‘Case 3’ and ‘Case 4’, especially for the purpose of vari-
able selection. The procedure in the present paper refines the previous
procedure but covers only a part of ‘Case 8’ and ‘Case 4’, that is,
a single explanatory variable case. The observations in the preceding
sections, however, clearly show that the present procedure as it is has
wide range of applications. If we further refine the procedure so that
it takes care of the multinomial-multivariate cases it will find a wider
range of applications. This will be the subject for further study. Also
the present procedure can be extended to the estimation of the prob-
ability density function [5].

Appendix. Derivatives of log L(q)
Let f(q) be defined by
fl@)=log L(9)=3 [n(1, 5)g,—n(7) log {1+exp (¢,)}] ,
then the first derivative is given by

of _ _ exp(q0) _ _
m—n(l, k) n(k)m—n(ly k)—n(k)p; .

Since 9p,/dq, is calculated to be

op. __ @ < exp (¢:) >_ exp (qx) _< exp (q.) >z=pk(l—pk),

3¢, oq, \1+exp(qy)/ 1+exp(q) | 1l-+exp(g)

it follows

*f _ .
2ar n(k)p(1—s) -

It can easily be seen that higher order derivatives also are given as
polinomials of p,’s and bounded for the entire space of the parameter
vector gq.
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