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Abstract

Panel studies are widely used to collect data on consumer expendi-
tures, labor force participation and other demographic variables. Fre-
quently, the population changes significantly over the period of interest.
We consider the case when a stratified random sample is drawn with
probability proportional to initial size (pps) and the value of one of the
stratification factors changes over time. Information on such changes,
which result in the movement of primary units from their original strata
to new strata, is readily available for the sampled units but not for the
nonsampled units. As a result of changes in the composition of strata,
the stratified sample no longer corresponds to a pps selection within
each stratum. A method of estimation based on the original selection
of the sample but which incorporates the subsequent changes is proposed.
It is shown that these estimates are approximately unbiased.

1. Introduction

Panel studies are widely used to collect data on consumer expendi-
tures, labor force participation and other demographic variables. After
the initial selection, the sampled units may be used for several surveys
over a period of several years. During this period, there may be sig-
nificant and frequent changes in the population. Since changes would
continue to occur in the future, a single brand new selection of sample
units is not a satisfactory solution. Moreover, continued use of the
original sample has several advantages over a brand new sample: (i)
it is much cheaper, (ii) it provides a more precise comparison of the
results of successive surveys, and (iii) it avoids the delay in the avail-
ability of results due to the start-up of a new sample.

The problems of changing probabilities within fixed strata and

* An earlier version of this paper was presented at the 1978 ASA Meetings (Jain [3]).
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changing strata for primary units in panel studies have been discussed
by several authors. Keyfitz [4] presented a procedure for adjusting a
sample, consisting of one primary unit from each of a number of strata,
chosen with probabilities proportional to an earlier measure of size to
a sample chosen with probabilities proportional to a later measure of
size. His procedure for maximizing the retention of old units was as
follows: (i) if the selection probability of an old sample unit is not
decreased, retain the old unit; (ii) if the selection probability of an
old sample unit is decreased, the probability of replacing this unit by
a new unit is the relative decrease in its selection probability.

Kish and Hess [5] proposed a reduction in the expected number of
changes required by Keyfitz’s procedure by retaining the old units for
which the reduction in probability was small. Fellegi [2] presented a
generalization of Keyfitz’s procedure for the case when two units are
selected without replacement with probability proportional to size from
each stratum. Kish and Scott [6] extended the Kish and Hess proce-
dure of maximum retention of initial units to the case of changing
strata.

Here we discuss an estimation method in which the sample units
undergo extensive testing before they can be used for data collection.
We consider the case when primary units within a stratum are selected
with probability proportional to initial size (pps) and the value of one
of the stratification factors may change over time. Information on such
changes, which result in the movement of primary units from their origi-
nal strata to new strata, is readily available for the sampled units but
not for the nonsampled units. As a result of changes in the composi-
tion of strata, the stratified sample no longer corresponds to a pps
selection within each stratum.

We propose a method of estimation based on the original sample
but which incorporates the subsequent changes in the sample. Major
advantages of this procedure, which yields approximately unbiased esti-
mators, are that it does nmot require
(i) information on changes in the nonsampled units,

(ii) replacement of any units in the original sample by new units.
The proposed procedure differs from those discussed in the literature,
cited above, in that it does not require the replacement of any units
in the original sample by new units.

The method discussed here was motivated by a telephone company
measurement plan based on a panel of plant facilities where the type
of facility is a principal factor for stratification. However, the tech-
niques discussed apply to panel studies in general. For example, a
consumer panel may be a stratified random sample with family income
as a stratification factor. A significant change in family income of a
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panel member would result in a change in strata composition. Section
2 gives some background on the panel and notation. Section 3 contains
the development of the estimator of the population proportion of ele-
ments that possess a specified characteristic. Section 4 includes a proof
of the approximate unbiasedness of the proportion estimator. Section
5 gives a summary and points out two possible generalizations of the
estimation procedure discussed here.

2. Background and notation

We will discuss the panel design for the case when strata are
combinations of two factors. But it can be generalized to the case of
more than two factors. In each stratum, sampling was done in two
stages. Again, the methodology discussed here can be generalized to
sampling with more than two stages. The following method was used
for the selection of the original sample: (i) first-stage units were drawn
with replacement with probability proportional to size (in this case, the
number of second-stage units within the first-stage unit) and (ii) second-
stage units were selected by simple random sampling. Each second-
stage unit consists of a cluster of elements, each of which is examined
to determine whether it possesses a specified characteristic (say C). In
the telephone company measurement plan, possession of characteristic
C corresponds to an error in the recording of a telephone call. The
proportion of elements that possess characteristic C is the quantity of
primary interest.

While the notation below is in general terms, the corresponding
specific definitions for the telephone company measurement plan are
indicated in parentheses to facilitate understanding of the estimation
procedure. Let

i1=value of stratification factor 1 (geographical area), 1=1, 2,..., I;

Jj=original value of stratification factor 2 (switching machine type),

j=1’ 27' %y J;
u=current value of stratification factor 2, u=1,2,...,J;
M,;=total number of first-stage units (switching machines) in stratum
(, 9);
m;;=number of first-stage units in the sample from stratum (i, j),
m; jéMtj ’

M, ;,=number of first-stage units in stratum (7, j) out of M,, that are
J
currently of type u, > M,,,=M,,;
u=1
m;,=number of first-stage units in the sample from stratum (i, )

J
out of m,, that are currently of type u, X m;,=m,,;
u=1
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7
M.=>M,;,;
j=1

J

mi.=j2=1 My

v ,=number of second-stage units (number of telephone lines) for
first-stage unit ¢ in stratum (7, 7) at the time of the original
sample selection, ¢=1,2,..-, M,;;

v, =current value of v;,;

w,,;=number of times first-stage unit (¢, 7, g) has been selected” in

the sample;
Mg

Vo= qu}l Vi s
l;;,=number of second-stage units (telephone lines) selected from first-
stage unit? q in stratum (¢, 5), ¢=1,2,---, my;;
Xi;-=total number of elements (telephone calls) in selected second-
stage unit (4, 7,4, 7), r=1,2,- -, l;;,;
Y.;.-=number of elements in selected second-stage unit (¢, 7, g, 7) which
have characteristic C, Y,;,, <X,
v

Xi1q~ = TZ_I thqr )

i
-Yi!q' = ,Z_-‘ll l’ijqr ’
Dise=Yi;../Xij. =proportion of elements in first-stage unit (¢, j, q) that
have characteristic C.
As described above, the panel of facilities consists of a two-stage sample
from strata that are combinations of switching machine type and geo-
graphical area. After the initial selection, the process of modernization
results in the replacement of some of the older types of first-stage
units® (i.e., switching machines) by newer types of units. Since switch-
ing machine type is a stratification factor, a change in switching ma-
chine type results in the movement of a unit from one stratum to
another stratum and consequently it changes strata composition and
selection probabilities. The next section describes an estimation pro-
cedure that does not require information on changes in the nonsampled
units.

1 It may be recalled that the sampling of first-stage units is with replacement. There-
fore, the number of selections of a sample first-stage unit can be more than one. The
number of second-stage units selected from a first-stage unit is proportional to the num-
ber of selections of the first-stage unit. The second-stage units are selected by simple
random sampling.

2 It is assumed that the M;; first-stage units in stratum (i, j) are reordered after sampl-
ing, so that the first m;; first-stage units correspond to those in the sample.

3 In the subsequent discussion, a first-stage unit will be referred to simply as a unit.
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3. Estimators for population proportions

Because of the replacement of some units, our interest has shifted
from original strata (i, 5), from which the panel units were selected,
to new strata (3, u) which correspond to the current breakdown of the
population of units. The estimates for the new strata (i, ) are derived
by first subdividing each original stratum (4, ) into domains of current
switeh type (u=1,2,---,J) and then summing over j for each geo-
graphical area i. We discuss the development of estimators for the
proportion of elements with characteristic C for units within a stratum
as well as for higher levels of aggregation.

3.1. Estimators for unit q in original stratum (3, 7)

Estimators for the total number of elements (Xj;,.) and the number
of elements which have characteristic C (Y;;,.) for unit” ¢ in original
stratum (¢, j) are as follows:

12

~ ’U?’} ijq
(1) Xtiq-z 2] Xi:‘qr
lijg =1
and
N vx Lijq
(2) 1fijq-z g 2 Yijq‘r ’
ltjq r=1

where a hat is used to denote an estimator of a population quantity.
Then an estimator for the proportion of elements that have character-
istic C in unit (7, 7, q) is

(3) f’t!qz *ijq. .

A variance estimator for p;, (denoted by v) is

lijq

( 4 ) (A ) E [I’ij'(,zr"_i)iqu-ijqr]2
VPsjg) = r=1 5 .
a liiq(liiq'—l)Xijq-

Formula (4) is based on Theorem 2.5 in Cochran [1].

3.2. Estimators for domain w in original stratum (, )

In the subsequent discussion, we will replace a subscript by a dot
to indicate either summation over telephone lines (X and Y) or aver-

© As in the case of the first-stage units, it is assumed that the v:jq second-stage units in
first-stage unit (i, 7,q) are reordered after sampling, so that the first /;;; second-stage
units correspond to those in the sample.
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aging for the proportion of elements with characteristic C. Since the
subseript in the fourth place is not needed to denote the line number
(we have already summed over lines), it will be used to denote the
current switch type (u). Let

Xije s if the current switch type of unit (<,
Xijqu: I Q) 18U,

0, otherwise ;

Yie if the current switch type of unit (7,
Yijm= 7, q) is u,

0, otherwise ;
M
X;j~u: 21 Xijqu ’
q=
Mg
Yij«uz Zl I,ijqu ;
q=

Diju= ijoul Xijou «

If m,;;,=0, we define

( 5) X”.u:Yij.qu)ij.uZ’v(f)U.u):O .

If m,;;,,=1, estimators for X;, and Y;;., are given as follows:
: 1 o,

6 Xij= 9 Xisour W
( ) J wij. qz=1 vijq ijq ijq
and

5 1 W oy, .

7 Y w— i Xi w Dijg *Wijq «
( ) ij w,,. qz=1 Vi jqu* Dijq Jjq
Then
( 8 ) f’ijm: Yu-u/th.u
and

mi g
! >t

9 V(Pyj0) = .
(9) (Dis) TS TR

'Uij-X 2 N Y Y
ijqu wzjq (pllq' plf‘“) ’

ijq
where
MU miz

’Uij.zzl ,Uijq and wij.zqzl w,;jq .
q= =

If m,;,,=1, then there is only one sample unit in stratum (¢, j) that
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is currently of type u. In this case there is a value of ¢ (say ¢,) such
that p;..=is,. and it is not possible to use formula (9). When m,;,=
1, we suggest the use of the following formula:

V(Diju) = v(ﬁi!ql-) .

In Section 4 we show that X’,,.,, and Yi,.,, are unbiased estimators of
X,,. and Y,,.,, respectively. Therefore, it seems reasonable to expect
that, in most cases, i)i,.u=17ij.u/)2'i,.., is an approximately unbiased esti-
mator of p;;..=Y,;.u/Xiju

3.3. Estimators for mew stratum (¢, w)

Now for each combination of domain () and geographical area (7),
the estimators for population totals are obtained by summation over
the original strata corresponding to the original switch type (j) as
follows :

A J A
(10) Xiuu.:jzzl )(tj-u
and
N J oA I N
(11) Ytuuzz =23 Dig Xiju

Then, the estimator for the proportion of elements in new stratum
(i, ) with characteristic C is given by

12) Drou="T1ul X, :ZJ:( A

Dijou -
Xtu> v

An estimator for the variance of p,., which is derived in Subsection
3.4 is

A

N T X \E s
13 vhe)=3 (——Xf ) o(bis)
J v(Xi, ) 'v(Xl )
3 ot [ A 4 M) 5 o |

43 ot [ W) M) o8]

where

Ky = 1 %[(”"-")X ~X ]2w
”'"—(wi,,)(wu.—l) 9=t L\ Vyyq Ha ] THe

The above expression for »(p;..) can be simplified to the following ex-



98 ARIDAMAN K. JAIN

pression when the variation in X,,.,,/X}..u is expected to be small rela-
tive to the variation in p,,.,:

A

. YD LI
(14) )= 35 () b -

It may be noted that the variance estimator given by formula (14)
tends to underestimate the true variance on account of the fact that

the variation in the ratios X},.,,/)A(t..,, is being ignored. It is assumed in

the above that Xi..u is not zero. If it were, then ..., is not estimable.
It may also be noted that if none of the sample units is replaced
by one of type u, then

Xi u:-Xiu-u ’

A A

Y, u=Yiu-u ’
A

pl u_piu-u ’

and
V(Di.w) =V(Dineu) -

In this case, the variance estimator given by formula (14) would not
tend to underestimate the true variance.

3.4. Derivation of an estimator for V(P,..)

This subsection contains the derivation of an estimator for the
true variance of .., V(..), given by equation (13) in the last sub-
section. The development in this subsection does not ignore the vari-

ability in X,,../Xi.... Recall that

.
(15) D=3 Dy

Based on some empirical evidence from the telephone company meas-
urement plan that motivated the method discussed here, we assume

that 9,,.,, which is the fraction of Xi,,u elements that have character-

istic C, is statistically independent of Xi,.u/X'i..u. Under this indepen-
dence assumption, we have

A

6 Vb= 5 (B (Fm) ) Vo0 + 5 B v ()

Teou

+ ,ZJ. v ())g_f) Vi) -

ieou

The following estimator of V(...) is obtained by replacing the expected
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values of the statistics X,,.JX’,..,, and ;.. by the respective statistics

and the true variances V(9,,.) and V(X},..,/Xt..,‘) by their respective esti-
mators:

@ b= (F) eyt oo K
j=1 X{..u Jj=1 Xi"u

A

+5 o(F) b

The estimator v(p;,..) was given earlier by formula (9) and an estimator
of V(X',,.u/f(,..,,) is presented below.

V()A(i,.u/X}..u) can be computed as the sum of the average condi-
tional variance and the variance of the conditional average:

v (Joan) < [ (R £, )+ v [ (Fisn [ 7,.)]
X X X

Conditional on )A(,..u, Xi,.,,/f(,..., is an unbiased estimate of the unknown
binomial proportion X;;.,/X;... Therefore,

Xl v X, X, 1
v (Rian |, )= K (1 )
qeen ‘ Xt--u Xi--u X;..u
and
Xy | ¢ X
E (|4 )=Kun
feott ‘ Xt--u

Now taking the expected value of the conditional variance and vari-
ance of the conditional expected value, we obtain

V[%]:E[Xum(l_xm), 1 ]+V[XU.,,]

qu Xt--u Xiuu Xinu
— X.ij-u — Xij-u E < 1 )
Xtuu (1 Xi--u > Ag..u
- V(X [+ V(X,.) ]
X‘..u Xt..u Xta..u
_ V(&) | V) VX |
Xignu Xt‘--u

By replacing the population quantities X,., and X, by their corre-
sponding estimators and the true variances by their corresponding esti-
mators, we have the following estimator of V(Xi,.u/XZ..u):
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X\ _ (X)) | U XKij) &
@ ()= g B

Recall that

5 1 "W oy,
Xijm.: 2 UL Xijquwijq )
wij. g=1 ’Uuq

as given in Subsection 3.2. Therefore, we take, as our estimator for
the variance of X;,.,

A 1 mij Vi A 2
19 Xi )= [ DA X1, u_‘X .u] i .
(19) U Xis.0) oy 0y —1) ‘IZ:]! Vire iq ijou| Wijq

Now putting together all the pieces, we obtain

@) olpe)=3 (; ) 0(iis.)
43 o [ W)y W) $ %,

+ 33 ol [”‘)’fw ) ”‘X” 2 53 otk

Teou

where v(X'U.,,) is given by equation (19). This equation was given ear-
lier as equation (13).

3.5. Other estimators

Estimators for the total number of elements and the number of
elements with characteristic C for a level of one factor (i.e., when
combined over the levels of the other factor) and for the whole popu-
lation can be derived by appropriate summations over the strata values.
Then the estimators for proportions of elements that have characteristic
C can be obtained by taking appropriate ratios.

4. Approximate unbiasedness of p,,.,

In this section we show that X’.—,.u and 17,-,.,, are unbiased estimators
of X,;, and Y;,.,, respectively. Therefore, it seems reasonable to ex-

pect that, in most cases, f),-,.uzf’u.u/)?i,.u is an approximately unbiased
estimator of p,;.,. There are m,,;, units in the sample in original stra-
tum (7, j) which are currently of switch type u. Let us assume that
the m,; units in the sample in original stratum (7, ) are reordered, so
that the first m,,, units are currently of switch type w. Similarly, let
the M, units in the population in original stratum (i, j) be reordered
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so that the first M,;, units are currently of switch type u. Then the
probability of selection of a unit in (¢, 7, u) is ,;0,/vi;.., Where

Miju
vij-u= 21 'Uijqu
g=

and

Vijq if unit ¢ in stratum (4, j) is currently of

Vij= switeh type u,

0 otherwise .

An unbiased estimator of the total number of elements X;,., in the
M,,, units of type u is

Soen [ 2

But it is quite difficult to determine v,,,. However, we know that the
probability of selection of a unit of type w is v;;.,/v;;.. Since m,,, of the
miy sample units are of type u, an unbiased estimate of v,../v,;. is

Miju

Z} 'w,,q/ 2. Wiy By substituting this estimate for v,,.,/v,;. in the above

iju
]}wuq] 2‘; Wigq
=

if-u

expressmn for X,-,.,,, we obtain the following expression which is alge-
braically equivalent to the estimator given by formula (6):

i ju

A M ju ;. qzﬂ W;jq /miju

Uu (2 wtfq ijg” Vi, > miz. / qE=1 Wijzq

ifqu X
a Wijq
1 lju
25 Wigg* Xijq
wt/ g=1 ijqu

Thus

iju
E(ij ) =E (—-— 21 Wijge thq ) .
wij g=1 ijqu
We take this expected value in two steps. First, we compute the ex-
pected value conditional on m,,, and then we take the expectation over
M. The conditional expected value is

Miju
21 Wiz v
EXijulm)=—4 =1 . <Xz1q Y u)
iju Wiy tiqu
Miju
— Uiy qz=1 Wisq

iju
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Now taking the expected values over m,,,, we obtain
(21) E (Xu.,,)=;”“_--m-xu.u=xi,.u .
Similarly,

> 1 Miju A Vi
_ i
Ytj-u— P wijq'Xijq'pijq L,
Wiz, a=1 iiqu

and the expected value is

A Miju
(22) E (Yu-u)': ?:11 Xijqpijq= Yu-u .
Recall that

},ij-u
.

pij.u= x

tfu

Since equations (21) and (22) show that X’,-,.,, and f},.u are unbiased
estimates of X;,., and Y,.,, respectively, it is reasonable to expect that,

in most cases, ;.,=Y;../Xi;. IS an approximately unbiased estimator
of pu-u"—'Yu-u/Xu.u-

5. Summary and generalizations

In panel studies, the sampled units are used for several surveys
over a period of years. The problem of changing strata and the re-
sultant changes in selection probabilities after the initial selection is
not solved by a single brand new selection of sampled units. Here we
have discussed a method of estimation based on the original selection
of the sample but which incorporates the subsequent changes in the
value of one of the stratification factors. This method does not require
(i) information on changes in the nonsampled units, nor (ii) replace-
ment of some units in the original sample by new units.

The estimation technique deseribed above assumes that the mod-
ernization process does not result in the rearrangement of sampling
units (i.e., a sampling unit stays intact, only its type is changed). One
generalization would be to the case of more complex changes (e.g.,
three units rearranged into two units).

Another generalization would be to develop a scheme for periodic
updates so that only information on changes since the last update would
be required. The current estimation technique requires the knowledge
of all changes in sampled units since the original selection.
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