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Summary

A balanced n-ary block design with RK=AV of Tocher [4] is com-
pletely characterized. It is noted that B=V holds for a mnon-trivial
balanced m-ary block design, where B is the number of blocks and V,
the number of treatments.

1. Introduction

Following Tocher [4], a balanced n-ary block design N (=||n,|| in
its VX B incidence matrix) with parameters, V, B, R, K and 4 is an

1 4

arrangement of V treatments in B blocks being of size K (:2 Ny, all j>
i=1

such that (i) the ith treatment occurs in the jth block =, times, (ii)
B B

each treatment occurs R (:2 Ny, all 13) times, and (iii) X n,m.;=4
j=1 j=1

for all 4, ¢/ (¢#4')=1,2,..-,V, where n,; can take any of the values,
0,1,---, or n—1. When n=2, the design is called binary. Otherwise,
the design is said to be non-binary. '

Fisher [1] proved that the inequality b=v holds for a balanced in-
complete block (BIB) design, where b is the number of blocks and v,
the number of treatments. It is well known that this inequality is
still valid for various block designs. The purpose of this note is to
characterize a balanced m-ary block design with RK=A4V and to note
that the inequality B=V holds for any “non-trivial” balanced n-ary
block design.

2. Characterization

Let N (=||n;|]) be a VXB incidence matrix of a balanced n-ary
block design with parameters V, B, R, K and 4. In this case, we get
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T A
(1) NN'= T ,
A . r

B
where r,=3>)n!; for 1=1,2,--., V. Since
i=

S\nl,+ AV—1)=RK  for all 4,
j=1

holds in a balanced m-ary block design, the relation (1) becomes

RK—AV+ A )
(2) NN'= ‘

4 RK—AV+4

the eigenvalues of which can easily be shown to be RK and RK—AV
with multiplicities 1 and V—1, respectively. Since NN’ is a positive
semi-definite matrix, it is obvious that RK—AV=0. If RK—AV>0,
then V=rank (NN')=rank (N)<B, i.e., B=V which was derived first
by Fisher [1] for a BIB design and is then called Fisher’s inequality.
The remaining case RK—AV=0 is now investigated for the general
validity of Fisher’s inequality in a balanced n-ary block design. A
characterization of this case may be important as a property of a
balanced nm-ary block design and is the main purpose of this note.
When RK—AV=0, we have, from (2),

(3) NN'=AJ, ,

where J, =J,« and J,,, is an sXt¢ matrix all of whose elements are
unity. Relation (3) yields that

(4) Sial=4,  i=1,2,---,V;
j=1
(5) Sngney=4, 63 G#Y)=1,2,--, V.

Case 1: n=2 (binary). In this case, n,;=0 or 1 which, from (4),
implies that R=4 and then, from RK=A4V, we have V=K which, from
(3), yields that N=J,.» which is an incidence matrix of a complete
block design.

Case 11: n=3 (non-binary). Relations (4) and (5) yield, by Cauchy-
Schwarz’s inequality, the following

B 2 B B
A2=( P nt-,-ni/,> é( py n*;) ( > n%v) =4
i=1 j=1 j=1
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Since the equality holds in Cauchy-Schwarz’s inequality, we have, for
some positive integer m,.

(6) mng;=mn,, 1#, 1,9=1,2,-..,V; 5=1,2,-.-,B.

Furthermore, (4), (5) and (6) yield m*4=4 and so m=1 which implies
that

ng=mng, 41 (G#)=1,2,--.,V; j=1,2,---,B.

Hence, we can write N as

o a ap
) N .

o, a op
for some integers a, @y, -:-,az€ {0,1,-.--,n—1}. Furthermore, since
the block size is constant (i.e., _SV‘_,nuzK for all j=1,2,---,B) in a
balanced m-ary block design, a rell;t;ion (7) yields ay=ay=---=az=K[/V
(=A4/R).

Therefore, we have established

THEOREM. A balanced n-ary block design with parameters V, B, R,
K and A such that RK—AV=0 1is only of the following type

1 1...1
1 1...1
N=(V)| - :
11..-1

In particular, if n=2, then V=K, i.e., the design is a complete block
design.

Remark. 1t is known (cf. [3]) that the efficiency factor of a bal-
anced m-ary block design with parameters V, B, R, K and 4 is given
by AV/(RK). In this sense, the efficiency factor of the design described
in the theorem is 1, and hence the design is the best possible, but has
obvious structure.

The form given in the theorem is called trivial for a balanced n-
ary block design. Otherwise, a design is said to be non-trivial, in
which case RK—AV >0 and the efficiency factor is less than 1. Thus,
we can also assert that for a non-trivial balanced n-ary block design
Fisher’s inequality holds.

Recently, Dey [2] has shown that Fisher’s inequality holds for equi-
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replicated m-ary balanced block designs, barring designs with incidence
matrices having identical rows. This “balanced ” property means that
every elementary contrast among the treatment effects is estimated
with the same variance. In this sense, it is obvious that a balanced
n-ary block design of Tocher is “balanced”. Upon the whole, the re-
sults of this note may be similar to Dey’s results. However, there is
an important point different from Dey in the sense that this note con-
sists in the complete classification of a balanced m-ary block design with
RK=AV among the parameters, which is new and cannot be derived
from Dey’s results. As mentioned before, this characterization plays
an important role in a balanced nm-ary block design of Tocher.
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