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Abstract

It is shown that there does not exist a complete sufficient statistic
for the class of all k-state Markov chains, #=3. When k=2 there is
a complete sufficient statistic.

1. Introduction

Consider the set of all Markov chains with a finite or countable
state space S. Assume that either S={1,---,k}, k=2, or else S is the
positive integers. The purpose of this note is to point out that there
exists a complete sufficient statistic for the set of all stationary chains
with state space S if and only if S={1,2}. We will not try to de-
seribe the well-known role of complete sufficient statistics in the theory
of uniformly most powerful unbiased tests and in minimum variance
unbiased estimation. The books of Lehmann [4] and Zacks [6], among
others, contain information and background. The concept completeness
of a sufficient statistic is due to Lehmann and Scheffé [5].

2. Results

By definition, the parameter space for the set of Markov chains
with state space S is @:{(pi,-): p,;=0, > p,;=1 for each 1€ S}. Fix
jes

integer n=2 and let (x,,---, z,) denote a sample from the chain. It
turns out that if the initial state x, is fixed then there does exist a
complete sufficient statistic for @, as shown by Denny and Yakowitz
[3], and Denny and Wright [2]. This implies that there is a complete
sufficient statistic for @ if the distribution of x, is known to the statis-
tician, that is, if the initial distribution is the same for all 6 € 6.
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By definition, the parameter space for the set of all stationary
Markov chains with state space S is 85={(p;): (p;;) €8, there exists
at least one stationary initial distribution (p,) for (p;)}. Recall the
definition of the transition count statistic {fi;: (3, j) € SxS}: f, is the
number of m, 1<m<n—1, for which %,=1 and x,.,=J (see, for ex-
ample, Billingsley [1]).

Suppose S={1,2}. It is mentioned on p. 338 of Denny and Wright
[2] that the following function is a complete sufficient statistic for @, :

(xh'"r xn)_’(xuflhfzz;o) if .f12=‘f219

and

(%150« +5 )= (0, fir, fos Fro+ Sor) if fu#tfu.

THEOREM. If S+#({1,2}, (x, {f;;}) ts @ minimal sufficient statistic
Jor @5 which is not complete. Consequently there does mot exist a com-
plete sufficient statistic for Og.

Proor. To simplify notation we assume that S is finite. The fac-
torization theorem shows sufficiency: P,(x,,:--, o) =0, [[ D1/ h(2y,- - -,
i

2,). To prove minimality we use Theorem 6.3 of Lehmann and Scheffé
[5]. Let (xy,---, 2,) and (¥i,: -, ¥.) denote two samples and let {f;} and
{9:;} denote their respective transition counts. By the above mentioned
theorem it is enough to prove: if (,, {fi;})#(¥:, {9:;}) then there exist
0,€0s, 1=1, 2, so that

Pﬂl(xl!”'yxn) Pﬂz(xl"'°9xn)
Pol(yl"":yn) Poz(yly""yn)

Assume first that {f,;}={g:;} and x,#y,. If 6, is doubly stochastic then
the left side of (1) is one, and since the right side of (1) is D [ Dy, s
there is clearly 6, so that (1) holds. Assume now that {f,,}+{g,;}, and
with no loss of generality assume f;,>g¢.,. For each >0 we define
doubly stochastic 6,(c) as follows: pyu(e)=e, p;;(e)=(k—2+¢)/(k—1)* for
2<1<k and j#2, and p,;(¢)=(1—¢)/(k—1) otherwise. As ¢ tends to zero
the left side of (1) tends to zero, so there is 6, so that (1) holds. This
proves minimality. As pointed out in Billingsley [1], z, is a function
of (x,{f,;})- Let F be the function of the sufficient statistic defined
by F(z, {f;})=2,—=,. To see that (x, {fi;}) is not complete, we use
the stationarity assumption and conclude that E,(F)=0, #€68s. The
last statement of the theorem is a consequence of the preceding facts,
and the theorem is proved.

(1)

Sometimes incomplete sufficient statistics occur because the param-
eter space is “restricted.” The above proof shows that (z,, {fi;}) will
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not be a complete sufficient statistic for the class of all distributions
for which it is sufficient and for which z, and z, have the same mean.
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