
Ann Inst Stat Math (2016) 68:1135–1162
DOI 10.1007/s10463-015-0531-z

Kernel regression with Weibull-type tails

Tertius de Wet1 · Yuri Goegebeur2 ·
Armelle Guillou3 · Michael Osmann2

Received: 1 September 2014 / Revised: 18 May 2015 / Published online: 4 August 2015
© The Institute of Statistical Mathematics, Tokyo 2015

Abstract We consider the estimation of the tail coefficient of a Weibull-type distrib-
ution in the presence of random covariates. The approach followed is non-parametric
and consists of locally weighted estimation in narrow neighbourhoods in the covariate
space. We introduce two families of estimators and study their asymptotic behaviour
under some conditions on the conditional response distribution, the kernel function, the
density function of the independent variables, and for appropriately chosen bandwidth
and threshold parameters. We also introduce a Weissman-type estimator for estimat-
ing upper extreme conditional quantiles. The finite sample behaviour of the proposed
estimators is examined with a simulation experiment. The practical applicability of
the methodology is illustrated on a dataset of sea storm measurements.
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1 Introduction

The estimation of the tail index of a distribution plays a central role in the area of
extreme value statistics. It is typically the first step in a practical data analysis, since
such an estimate is needed in models used to estimate upper extreme quantiles. In this
paper, we will consider some estimation problems within the Gumbel class, which
is a rich subclass of the max-domain of attraction. Although different types of tail
behaviour are possible, all these distributions have in common an extreme value index
γ equal to zero and thus differentiating them on the basis of this parameter alone is
impossible. To solve this issue, we restrict our study to Weibull-type distributions,
which have distribution functions F defined for some θ > 0 as

1 − F(y) = exp(−y1/θ �∗(y)), y > 0, (1)

where �∗ is a slowly varying function at infinity, i.e.

�∗(λy)
�∗(y)

→ 1 as y → ∞ for all λ > 0.

The parameter θ , called theWeibull-tail coefficient, clearly governs the tail behaviour,
where larger values correspond to a slower decay of 1 − F towards zero. Different
values of it allow the Weibull-type distributions to cover a large part of the Gumbel
class, and hence to constitute a flexible subgroup. The model finds important appli-
cations in areas such as hydrology, meteorology, environmental and actuarial science,
to name but a few. For a given dataset, one can evaluate the adequacy of the Gumbel
class by performing a test for γ = 0 versus γ �= 0, see e.g. Segers and Teugels (2000).
The more specific Weibull-type class can be visually evaluated by an inspection of
the Weibull quantile plot, which should become linear in the largest observations.
Goegebeur and Guillou (2010) introduced a formal goodness-of-fit test for the semi-
parametric Weibull-type model based on a quantification of the linearity of the upper
part of the Weibull quantile plot. In the analysis of univariate Weibull-type tails, the
estimation of θ and the subsequent estimation of upper extreme quantiles assume
a central position. We refer to Broniatowski (1993), Beirlant et al. (1995), Girard
(2004), Gardes and Girard (2005, 2008a), Diebolt et al. (2008), Dierckx et al. (2009),
Goegebeur et al. (2010), Goegebeur and Guillou (2011), and the references therein.

In this paper, we will consider the estimation of the Weibull-tail coefficient and
of upper extreme quantiles when a random covariate X is recorded simultaneously
with the variable of interest Y . Thus, we do not consider the classical experimental
situationwhere the researcher can control X and then subsequently observe Y . Instead,
X and Y are observed together, and therefore X is considered to be random. Having
methodology that allows taking covariate information into account in an extreme value
analysis is important as it enables one to differentiate the tail behaviour in terms of
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