
Ann. Inst. Statist. Math. 
Vol. 42, No. 3, 463-474 (1990) 

SOME GEOMETRIC APPLICATIONS 
OF THE BETA DISTRIBUTION 

PETER FRANKL 1 AND HIROSHI MAEHARA 2 

~ CNRS, 15 Quai Anatole France, Paris, France 
2College of Education, Ryukyu University, Nishihara, Okinawa 903-01, Japan 

(Received March 10, 1989; revised December 25, 1989) 

Abstract. Let 0 be the angle between a line and a "random" k-space in 
Euclidean n-space R ". Then the random variable cos20 has the beta 
distribution. This result is applied to show (1) in R ~ there are exponential- 
ly many (in n) lines going through the origin so that any two of them are 
"nearly" perpendicular, (2) any N-point set of diameter d in R" lies 
between two parallel hyperplanes distance 2d{(log N ) / ( n -  1)} 1/2 apart 
and (3) an improved version of a lemma of Johnson and Lindenstrauss 
(1984, Contemp. Math., 26, 189-206). A simple estimate of the area of a 
spherical cap, and an area-formula for a neighborhood of a great circle 
on a sphere are also given. 
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1. Int roduct ion 

The beta distribution Beta (p, q) has a continuous probability density 
inside the interval (0, 1) given by 

B(p ,  q)-lxP-l(l  - x) q-I , 

where p, q > 0 and 

B(p ,  q) = F ( p ) F ( q ) / F ( p  + q) . 

If X and Y are independent random variables having the chi-square 
distributions with degrees of f reedom a and b, then the random variable 
X / ( X +  Y) has the beta distribution Beta (a/2, b/2) (e.g., Wilks (1962), p. 
187). The beta distribution is well known as an appropriate prior distribu- 
tion for Bayesian inference. 

By a random point  o in Euclidean n-space R", we mean a point 
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