
Ann. Inst. Statist. Math. 
Vol. 41, No. 3, 415-427 (1989) 

ASYMPTOTIC NORMALITY OF DOUBLE-INDEXED 
LINEAR PERMUTATION STATISTICS 

DINH TUAN PHAM 1, JOACHIM MOCKS 2 AND LOTHAR SROKA 2 

1Laboratory TIM3, CNRS, 1MAG. University of  Grenoble, 
B.P. 53X, 38041 Grenoble Cedex, France 

2Institut fiir Angewandte Mathematik, Universit~it Heidelberg, 
Im Neuenheimer FeM 294, 6900 Heidelberg, FRG 

(Received May 9, 1987; revised October 7, 1988) 

Abstract. The paper provides sufficient conditions for the asymptotic 
normality of statistics of the form Y, aub~i~, where a0 and bo are real 
numbers and Ri is a random permutation. 
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1. Introduction 

Let a~ and b0, i , j  = 1,...,n be real numbers depending on n. We are 
interested in statistics of the form ~ a#b~R,, where R1,..., R, is a random 

i#j 

permutation of 1,..., n, all permutations being equally likely. The ag and b# 
will be referred to as scores. The statistics are called "double-indexed linear 
permutation statistics" so as to distinguish them from single-indexed ones, 
being of the form Y~aibg. Double-indexed permutation statistics have been 
first considered by Daniels (1944) who gave sufficient conditions for their 
asymptotic normality as n --- oo. Later they appeared in various contexts: as 
a measure of association between graphs (Friedman and Rafsky (1983)), as 
a measure of spatial correlation (Cliff and Ord (1981)) and as a multi- 
variate two-sample test statistic (Friedman and Rafsky (1979) and Schilling 
(1986)). In these contexts, the scores are symmetric (au = aji, bu = bji) while 
in Daniels' paper they are asymmetric. Therefore, only these two types of 
scores will be considered here. Note that this restriction is needed for just 
one set of the scores, since the other one, the a0, say, may then be 
symmetrized by (a# + aj~)/2, or asymmetrized by (a# - aj~)/2, without chang- 
ing the value of the statistic. 

The purpose of the present paper is to find sufficient conditions for the 
asymptotic normality of the above statistics. We shall show that under 
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