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Abstract. A series of inequalities involving Stirling numbers of the first 
and second kinds with adjacent indices are obtained. Some of them show 
log-concavity of Stirling numbers in three different directions. The in- 
equalities are used to prove unimodality or strong unimodality of all the 
subfamilies of Stirling probability functions. Some additional applications 
are also presented. 
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I. Introduction 

"Stirling family of distributions" is a collection of eight subfamilies of 
discrete probability distributions which involve Stirling numbers of the first 
and second kinds (Sibuya (1986)). The subfamilies are classified as shown 
in Table 2. Although the forms of their probability functions are different, 
all are unimodal if monotone increasing or decreasing probability functions 
in their distribution ranges are regarded also unimodal. 

This fact can be proved by log-concavity of Stirling numbers or by 
inequalities involving Stirling numbers with adjacent indices. Each of the 
first and second kinds of Stirling numbers forms a triangular array, which 
is totally positive 2 (Karlin (1968)) as a function of two indices. The array 
includes finite and infinite sequences in three directions. All the sequences 
are log-concave (Keilson and Gerber (1971)) to the extent that some are 
just as the definition, and some are stronger and one is weaker than the 
definition (cf. Table 1). 

Such type of inequalities was studied by Lieb (1968) and Neuman 
(1985). Results of this paper extend and improve some of their results. For 
some others alternative proofs are given. Lieb (1968) used Newton's 
inequality for symmetry functions and Neuman (1985) used moments of 
spline functions to obtain their inequalities. The methods used in this paper 
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