Jo0ooooEeEMOOOOGOO

oo ogog od
goboog obooooooobod
gooboooon 2-1

{Noboru.Murata®eb.waseda.ac.jp, shiro@ism.ac.jp

20040 3000

1 0000

000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
00000 (1)00000)0
000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000 (00000 [2)00000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
000000000000000
000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
00000000000000000000000000000000 EM
000000000000000000000000000 EMOOOOO
0ooo0ooo0o

000000 EMOOOOO0O0O0000000000 em0000000
0000000000000000000000000000000000



oboooooEMOOODOOOODOOUODOOOOObOOODOObOOOO
gobgoboobobboboobobooboobbobbooboboboooboobooonoo
OEMOOOOOOOOOOOOOOOUOOOobObOOoboooooboooo
gobgobooboobobobooboboobobbobbobobobooobooboooboo
oboooboob EMODOODOODOOUODOOOODOOODOOOOOO
gobgoboobobbobooboooboobbobbobobobooobooboooboo
gobgoooooobbobobooboboobobuoooobobooboo
goboobobbobobobbobobbooobboonoo

2 EMUOUOUOUOUOODemOOO0O0onO

21 ODOOOooooboo

EMOO00000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
00000000000000000(3,4,5,6 000000000000
000000000000000

0000000000000000000000000

0000 X0O0O0O000000000p(z)00000 S0000000
0000000000000000000000000000000000
0000000000000000000000000000000000
0000000SO00000000000000006#O000000000
000 p(x;) 00000000000000000000 {p(z;6)} 000
$0000000000000000000000 MOOO000000

00000 X;,...,X,0000000000000000000000
0000000000000000000000000000000000
000000 SO000000000000000000000000000
0000000000000000000000000000000 S00
00000000000000000000000000 MOOOOOOO
0000000000000000000000000000000000
00S0000000000000000000000 MOODOO0OO0OO0O0
000000000000000000000000 S000000000
000 MOOOOOOOD0000000000000000000 (0 1)0

000000000000000000000000000000000
000000000000000000000000 S000000000
000 “000”000000¢“000”0000000000000000
0000000000000000000000000000000000
000000000000000000000000000



S

Observation

m— projection

Ul gobobgooboobooo

000000000000 SO000 “00007000000000%00
0”’00000000000000000000000000000000
000 00Kullback-Leibler 0 0 00000000000000000 m-0
000 e«000000000000000000000m-0000 2000
00000 p«)0 ¢(z) 0000000

r(x;t) =(1—1t)-plx)+t-glx), 0<t<1 (1)

00000000000 0000200000000 p(x)0 ¢gxz)000
gobooooooon

logr(z;t) = (1—t) -logp(x) +¢-logg(z) —p(t), 0<t<1 (2)

000000000000 ¢t)0 r(e;t)0000D00O0O0OO0O0ODOOOO
g

6(1) = log / (@) tg(x) dw 3)

gooog

ooooooD “coogr’bobooooobobooboobobooobooboOog
00000000000 n00000000 p(x)0000000OOO0OO
goo

i=1 i=1

0000000000000 20000000 m-000000000m-00
0000000 M, 00000000000000000000000 M,,



0 «dooOor’gooooodooboooooooooosSodd M, O m-
oooooopoooo “ocb"oboboboboooooooon

N@z{ﬂ$£)=@®<§j&ﬁ@)—wﬁ>} (5)

obooooopoobooboboooooo MO20000000 00O
oM. OOODOOODOOODDOOOO “Ob”00b00b0bO0oobooon
00 “co”"boobboboobbo0oobboooboooboobooooboOooon
gobobobioidd m0bO0b0e-D0D0O0O0O0DODODODOOn
000000000000 000UoDoOO 3,6)00000000

oo0oo0ooopoo0oDOo SO0 «“0cboo”00obD0oOoooooooo
gobgoooboobboboobobooboobbobboboboboooboobooonoo
gobgoooboobboboobooobobbobboboboboobooboooboo
O0Ologp(x) D0DO0D0O0OO0O0ODOOOOOOODOOOO

Ejp (9o logp(X) - 95log p(X)) (6)

doooooooooo o,0 000000000000 ooooonon
gdoooouoobooboobooooooboob0o+000oddm-
gooboooo

Ogr(z;t)

r(x;t)

A=) -p(®) +t-q(x)}

O logr(x;t) =

e-00O0O0OODOO

0 togr(w;t) = (1~ ) logp(a) + 1 -loga(z) — 6()

= loga(e) ~log p(a) ~ Lo(1) Q

0000000000000 00000000000000 000000
O00O0O00e0D0i000 60000
d
o, log p(w; 0) = - log p(; 0)
_ Op,p(x;0)
=== 9)
p(z;0)
000000000000000000A000000000000000
ooo
0000000000 m000e000000000000000Om-0
000000 SO000¢O00000000 MOOOOO m-0000000



000 MOODODOODOODOm-000O00 p@)0000000000ODO0OO0O
m-0000000000000000000000000000 Kullback-
Leibler 0 O O

Dl (@) = [ al)tos p?i-fz» o (10)
= E, [log ¢(x) — log p(x; 0)]

0000000000 000000000000000 Kullback-Leibler
0000000000 6000000000000 0NNNONN0NDNOO 000
goo

99, D(q, p(@))‘e 5= —E, |Og, logp(X; é)
=0 (11)

DDDDDDDDDp(é)DDDD m-00000000000

(z;
1 N = s - - @ 7
O¢ logr(x;t) o @) o
_ a(x) —p(;6) (12)
p(x; 0)
goooooooooooooo
o, log p(z; 0) ‘ezé (13)
gooooooo
Ep(é) {@ log 7(X;0) - dg, log p(X; BA)}
= / w Op, logp(ac;é)p(a:;é)dm
p(x; 0)
= E, {897-, log p(X; 9)} - E, 4 [897-, log p(X; 9)}
=0 (14)

0000000 ¢0p@O 000 m-000000000O0O0ODOOO0O0OO
gobgoboobobboboobooobobbobbobobobooobooboooboo
goobgoooboooboobooboooo

Ey9) [09; log p(X; 8)] = O, / p(x; 0)dx
-0 (15)

gobooboobobggbobbbbobob0b0ob m-gboboo
000000000000 (0 1) 000 e000000DOOO0OOOOO



gobobobO e-gbooboDobOon

p(x; 0)
q(x)
0000000000 éD0N00NDN0NN0NDN0NN0NNOm-00000000

DDDp(w;é)DDDD e-00000O0DODOOODOODOODOODeODOOO
gobooooon

D(p(6).0) = [ pla:0)1og " i (16)

0 togr(w: )| _ =loga(a) ~logp(a;0) ~ 5-6(0)

t= t=0

— log g(x) —log p(w; 6) — E, 4, {log q(X) —logp(X; )
(17)
ddddooobdidbebbbbb000ooboobDD
gooon
Ep(é) {8t IOgT(X; 0) ' 897‘, logp(X; é)}
= /891p(x; 6) {log q(x) — logp(a; 6) — E, 4 [log q(z) — log p(; é)} } dx
= /agip(ac; 6) {log q(x) — log p(x; é)} dx (18)

googn

897¢D(p(9)761)‘ = / o, p(x; 0) log p(x; 0)dx + / o, p(x; 0)da

0=6

- / 0p,p(; é) log ¢(x)dx

= /89ip(zc;é) (logp(zc;é) —log q(az)) dx
=0 (19)

gobboooboobooboobobbonboo
gobobobobbobobobobboobbobbobobbooboobon
gbobobobobuoboobobobue-b0bU0b m-00bOobOOO
gobgobobobooboobooobobbobbobobobooobooboooboo
gobooobobobobboobboboboboboboobobobooonon

22 EMUOOUOOOOOOOODOOO

000000 XOooooooooooooooooooooooooo
000d00oooboDooooooooooono XyOooooooooo
0(0D0000D00)0 XgOOOX =(Xy,Xy)000DDOOOODO
{zvi,2ve,...,zy}00000000000000 p(x;0) =p(xy, za;0)



m-— projection _
e— projection

2000000000000

ooopooeUiDODOOOU0O0DODOO0ODODOODOOODOOOOOODO
gobgoobopobobbobbobobbobbonooo
oo0opooooOooopooooooOoUopoooooOoUooooD soogo
gobgoooboobooboboobobobobbobbobobobooobooboooboo
gobgobobooobooboobooboobobobobobobooboooboo
ggoobobboooobobbooobbobooobbbbooobbobo
0000000000000 0000o00 (0D 2)Do0D0Do0DoooooO
oo00ooOo Sgoooooooooo pooooooOooooogoooo
oboobooobooboqnbOobbOO0bODpDOOODOODODODyOOODOOODO
0000000000000 ¢(zy)000000O0OODOODOOOO

q(xv,zm;n) = q(zv)g(zg|ey;n) (20)

00000np00000000000 ¢g(zgley;m) 00000000000
ooo

000000000000 00000D0DU0o0O0oUO0O0 pOOOOODO
0OMOOOOOODOODODOODOOOOO0ODOO0O0OO0D0DO000O0O0ooooooOoon
000000000 DOO¢(n)D00000D0D MOOpe)DDOOOOO
Kullback-Leibler 00 O O

q(zv,xH;n)
D(q(n),p(@ :/qacv,xH; log —————————~dxydxy 21
(a(m).2(0)) = [ alav.wnim) log ST (21)
DDDDDDDDDDDDDDDﬁDéDDDDDDDDDDDDDDDD
De-D00Dm-000000000O0O000O0DOOOO0OD0 emO00OO00O00O0O
00 (0 3)0
gooooboo



U3em0J00000

e e-step
60000600 DO0e-0DO0OOODOpOUDOOD iy OODOOO
ooo
Ne+1 = argmin D(q(n), p(6;)) (22)
n

googooo

e m-step
m 00 MOODm-OOOODOOOOO0 60000 6,4, 00000
000
011 = arggnin D(q(nt+1),p(0)) (23)

googooo

02000000000000000000 pUOIODOOOODODOOODO
dooo0ooooooooooooooooon
gdd e-stepU

Da().0(61)) = [ atev)a(enleyin)top AL o g

- [ atwvytog 12y

(xv; 0t>
+ /Q(33V>Q(33H |zv;n) log IM

dxydx
(xg|Ty;6) Ve

= [ atar) (log% +D(Q($V77I)7p(wv79t))> dy
(24)



000000nOiDO0O0O0O0O00D00ODO000D0O00D00O Kullback-Leibler O
00 D(g(xv,m),p(xv,0:)) 000000 n000000D0OOOOKullback-
Leibler OO OOOOOOO

q(xr|xy,nim) = pleu|ey, 6;) (25)

goooobobbboogo
OO0 EMOODOO0OOO E-step (Expectation step) O M-step (Maximiza-
tionstep) 00 OD00D0OU00O0OOOO0OODO0OUDOOUODOOOOOOO
gogbbboooboboobobboobbbodbobooobbooooo
oooooo e UUOOOtOOOOO0OOonoOoOoon 6,0000kE-step
OM-stepODOOODODODODODODOODOODOOODODOODO

e E-step
O000o0oooOoo Qe,6,) 00000

T
Q(0,0,) = %Z {/p(wH|wV,k; 0:)log p(Tv i, T H; B)de} (26)

k=1
e M-step
Q,6,) 000000 eOOUODDOO 6,4, 0000

0:11 = argmax Q(6, 0;) (27)
)

EMOO0ODODOODOOOODOODOO0OO0O0O0O00O0O0Oooooooooooooon
M-stepODOOODOODO0ODODOO0ODOODOODOO0DO0O m-O000000
00000000000000 m-step 000000000 E-stepd0O0O0O0O
O0000000000000000 estep0 00000000000 (O 4)0
q(xy)00000000000000000q(zg|ey,ney1) = plem|ey, 0r)
O0000O0O0OE-step000 estep000000000OO M-step 000
m-step 0000000000 OO0OO

D(q(mi+1),p(8))

;0
B /q($V)p(33H|wv;9t)10g a(@v)p(@n|zy t>dwvde
plxy,xm;0)

- / a(@ p(@nlay; 6:) log a(@y p(@s|wy: 0,)dwy dar — Q(6,6:) (28)

goboboobgoboobooobooboobobooboboboobooboooboo
0(00000)00000000D0DOo00o000DoD0DDOoooOUOoUOoO
ooooOdooo sgoooooooooooOoUooo MoboooooOoo
gobgooobooboobobooboboobobbobbobobobooobooboooboo
gobgoooboopobobboobboobobbobobon

Eqn) (X)) # Eqn)(Xaloy = Eqq)(Xv)) (29)



OO0 EstepU estep0 000000 [7)O000000O0OOOOOOOO
O0000 EstepO estepd 000000 0ODOOODO

Conditinal
Expectation

04 EMO0OOOOO

3 OD0OOooooEMUOODODDOO

gobobobobbobobobobboobbobbobobbooboobon
gboobobbobboobobbooboboobooboobobooboo
gobgoboobooboboobooboboobobbobboboboboooboooonoo
gobgoboobobobobooboboobobbobboobobobooobooboooboo
gobgoboobooboboobooboboobobbobboboboboooboooonoo
gobgoboobooboboobooboboobobbobboboboboooboooonoo
gobgoboobooboboobooboboobobbobboboboboooboooonoo
gobgobooboboboobooboboobobbobbobooboboooboobooonoo
goboobobboboboobbooboobooboobooboooooboo
o000 EMOOOOOOOODOOOOOOOOOOObOOODOOOOOO
oboooooooobooobooooEeEMUOOUOOOODOODOOOOOOOO
gooooo

3.1 OOdgoooboo

gogoogboboboooobobboooobobobooooboboooooo
gobogoosbodbbon0db0oobl1bogo3boobobobonoboonbon
oobooooooobDbo0obo0 e RMO0OD0O0 ye ROODOODOOD
00 e R"U000000D000000O0O0O0O0y=y¢(x)00000

10



s gboooon

gobgoboboobbobooboooobbobboboboboooboobooonoo
goo

Zi = f (Z] wijxj) (30)
f(u) = 14—%
g(@)=v-z= Z%‘Zj (31)

00000000 (z1,v),...,(zr,yr) 0000000000000000
0000000000000000000000 W ={w;},v00000
000000000000000000000

B =30k —glan)’

ooooooobooobo weoooooobooooooooboooo
gobgoooboobooboboobobobobbobbobobobooobooboooboo
gobgoboobobboboobobobobbobbobobbooobooooboo
(error-backpropagation, 0 U0 000000 0O0)000000O0O0OOOO
gobgooooooboooo

Vigrl = Vi + Av; (32)
Wij 41 = Wijr + Av; (33)
T
oF 1

Aviox — 22 = 9 - . 34
G = 2 Dk o) (34)

oF

A’w,’j X _8111,']‘

T
1
=27 ’; 1(?/k — g(zx))vi f’ E wijrTi g | )k (35)
= J

11



goboooboobobobbobbobobbobbo

(ke — g(@k))vs (36)

gobgoboobobboboboobbooboobooboobobooobooboooboo
goboboobooobooo3bobooboobbooboooboooo
gobgoboobooboboobooboboobobbobboboboboooboooonoo
googon

oboooooooooobooboboboooooDEMOUObOOooOooooDgoo
gobobobobooooboboboobooonD »z0ybooooboo
goboboooboooobon

Zi = f (Zj w,’j(I}j) + n; (37)
y=v-z+n (38)
N1, ooy, ~ N(0,0?)

00O0z,...,2, 00000000 EMO0O0O0O0000O000060 = (W,v)
00000y,20000000 yOOO0OO0O0O

1
p(y, z|x; 0) =

W?n—‘rl
1 1 m 2
“Xp{‘ﬁ@—”'z)?—ﬁ (2= £ (2 wum)))
i=1

p@@ﬂ%=/pszﬂMz
= ! exp {—2(;@ - 9(33))2} (40)

27(1 + |v|?)o? 1+[v[?)o?

oooo

000000000000 EMOOOOOO0OO0D0OOO0OD0OOO M-step
0000 Q(e,6,) 0000000000000 00O00O0ODOO0UO0O0OODR
0000000000000 oooooooDooDo QUooDoOon
O0D0O0D0O00OE-step0000000O0O0DOO Generalized EM (GEM) OO
0000 QUoOo0oUooooon

el :6) = )
ﬂ (g U n) )
r= (1= 12 ) o 1) (12)
= (S mm) o (S wme,)) (13)

12



0000000000000 0000o0o00Y 00000000o0oonon

e E-step
1
Q(0,6,) = Z{ z|yk,xk,Bt)(logp(z|yk,xk,0))dz}
k=1
T
Z og p(yk|xk; 6) (44)
. o
:T—Z re —r) (I +voT)(r, —7)
=1
ViU T
I
w1 1+|vt|2>( Fool))
1+m 9
E — log(2 45
( ﬂ( +|'u| >02>1/2 9 og( To ) ( )
e M-step

goboboobobobooboobon

AWXM:_

90; yk —g(xr))f (Z WijTj s ) (46)

’ﬂ‘)_
IIMH

811],']‘

T
1
Aw;j o 00(9,6:) = T To2 E (yr — g(xr) Uf E Wijrjrs | Lj,s
k=1

gobgoooboobbobbobbobobobobobonbobon

3.2 0OOOoooboo

00000000 (Boltzmann machine) [9, 10 D000 DO0O0OO00OOO
goodoobobbobbbooobbbbbtbooooobobbooouooooo
0000000 (0 6)D0000000000RDO0O0O0O0ODOOOOOOO
goobboob oo 1bboobbobbbbooobboobbooo
ggodoobbobobooobobbobboooooobobooooooobo
goodooobbobbbooobbbbbtbooooobobbooouooooo
goodobobbbbo 3ggoobobobbooooo

gjodooooobobobbbogo .00 U0 v, OO O
oobod z 00000 0000 j000000000000 w; OO
goodobobbbbooooobobboooo

wi =Y wijz; —hi (48)

JF#i

13



Hidden Cells

ge6ogooobogoon

0000000000000000000000000000000000
00000000000000 A/ 0OO0O0OO0000000000000
0000000000000000 wy; =00w,e=h; 0000000 10
000000 20=1000000

u; = Wi T 49
3L
=0

goooobobbboogo

goobbooboobobooobooobboobboobbooU ;00
z, 00000000000

1

1+ exp(—ui/T)
R
0007 7T0D0000000000D0OO0oOD0oDOoDoOoDoOOoDoooooOOoon
00o0O0T=000000000000000000D00DO0O0ODOOODOO
oo 1oooboobbbooood

goodoboboooob nObODOOOOODDDOOO 2r0OUO0ODOO
ggoooobobbobbbooobbbbbtbooooobobboouooooo
odoodUobobbbbUodUdUU zU0ObODDDODbODOOOOO

Pl = 1) =
(50)

E(ac) = —Zwijxixj (51)
.7
gbooooboobobooooooon
1 E
pla) =z oo (242 ) (52)

gobgobooboboboboobobobooboobboobobobooobooboooboo
gobgoboooobobobooboooboobbobboobobobooobooboooboo

14



gobooboobooboobobooboobuoo«s0booboooboo
0o0oOoooo (b0)000000b0 ;00 2, 000000000000
gobgoooboboboboobobooboobbobboboboboooboobooonoo
goboboobooboboboboobooo

igi:i(l); :exp<—E(""mi:0"">_E(""mi:1"">>

= exp <_7Z‘l¢} / j>

=exp (—uw;/T)

gobooooobooboog

Il
—
—
+
@
o]
ol
—

— %) oz =1)

00000000000000000000000000000000000
pla; = 1o = 1) = p(a; = ;= 0) = p(x; = 1fu,) (53)

goboobooobobbobboobobboobbon
gobobobobbobobobobboobbobbobobbooboobon
gboobobbooboboobooboboooooboobooooboon
000000000D000o0o0oooo0oOooDooD0oDOD X =(a,8,7)
gobobooboobobobboobooo

e Phase I

gboboboboooobobboobooobobobooooobon
gobooboobobobobob:0j0000100000000

pij = ) ala, B)E(ziz;|ex, B) (54)
a,B

000000000 ¢g(e, ) 000000O0O0O0O0O0ODOOOOeD0OO
ooooooooop; 000000 4,y000000 w,; O

A’u},’j = EPij (55)

googoooo

15



e Phase II

goobbooobboobboooobboobooobboon
goboboboboboboooboobooo

piy =Y al@) B(wle) (56)
(e
gooooobooo q(a)DDDDDDDDDDDDDDDDD}?;»J»D
oooood ;000000 w;; O

Aw;j = —epj; (57)
gogooon

goooooobboooobobooooobobooooobooobond
oot boooooboboooao
oot booooooobbooooao
Kullback-Leibler OO O OO OOOO0OOODOOOOOOOOOODOOOOO
000000000000 000000n ¢g(e, 0000000 OOOO
0000000 ple, B,v) U0 OKullback-Leibler 0 00 O

B o q(a, B)
D(w) = ;d ,B) (e, B)
q(Bla)

= 2 dleP)log g 58)

000000000000 00000000000000000000¢(e) =
p()0000000000DO0O00O00O0ODO0ODOOOOOOOOOOOO
goooooooo

ﬁ Op(Bler)
Z a
,3

8wu p(Bla)  Ow;;

-y des 0 (Zpﬁvla>
Otﬁ

(e, B) exp ( (677|04)/T)
e (X e )

a,B

- _% Z A, ) Zp(ﬁ/ﬂa)mimj - p(Bla) Z p(B, 7 |a)ziz;

ap P8l A

- _% Y a(@,8)d p(vle, Briz; = > al@) Y p(B,v|a)ziz;
v o B

a,B

1
—7 {pij — vis}

16



goo
0

e
O00000w; O0O0O0O0O0000000OKullback-Leibler 0000000
ooooboooboboooooooboooboboooooooboooon Monte-
Carlol]l]l]l]pij,p;.jDDDDDDDDDDDD
EMOOO0ODOOO0OODOOO PhaseIDDOOOODO p(vle,3) OO0
O000DO0ODO0O00Ob0ODEstep DOOOOOODOOOODOODODOODODO
OO Phase I DODOOOOOOOODOOODOOODOKullback-Leibler
Diverngence U0 0D ODODOOOODOODOO M-step DOOODOOOODO
00000 emO0O0DO0OO0OO0OOODOOODOODOOO
go0ooooOooooOooooooOoooooOoopoooooooDoooog
oo0oo0oO0oooOo0oooooOoUooDooOoOoDoooooooOoog
oo0ooooooooOoOoooooOoOooooUoooooOoUooooooo
oo0ooooOooooOoooooooUopooOooooooOoUooooooo
oo0ooooOooooOoOoooooOoooDooOooooooOoUooooooo
oo0ooooOooooOoOoooooOoooDooOooooooOoUooooooo
oo0ooooOooooOoooooooUopooOooooooOoUooooooo
00000000000 (Phasel) OO (Phase INODDO0OOO0ODOOO
gobooo0oooU0O0ooO0oooooooUopoooooOoooboooooooo
oOo00oo0o0o0oDooOoUooooOoOoooooOooooo

Aw;; D(w) o pij — pi; (59)

3.3 Oooooobood

000000000 (Helmholtz machine) [11, 12, 13] 000000 (gen-
erative model) 0 00 0 00O (recognition model) 0 20000000000
goodobobbobobbooobbbobbtbooooobobboouooooo
goodoobbobbbooooooboboboboobbbbboouooooo
goodoobbobbbooobbbbbtbooooobobboouooob o
0000000000000 0000 Wake-SleepOOOOOOOOOoOO
gogodobobbobbbooobbbbbtbdoooobobbooooooo
0000000000000 00D0000000000 Wake-Sleep 0 OO
000000 (400000000000 00000o00ooooooo
goodobobbbtbooooobboouooooo

e JOODOO
0 n000000000000N(0,))0D00000000 yODOO

r=gy+e (60)

gobooboboooobobbobD ebobOon sziag(a?)l]l]l]l]

17



00000000 N0, 2)ODOODDODOUOO0o0O0oooD goooOoO
googno

e OODOO
goobobb0o 000000 yO

y=rlz+§ (61)
000000000000000060 N(0,s)00000000000

00000o0oooooood {ey,2e,...,zey} 0000000000000
0000000000000 000DDOOO0OD0O000D0OWake-Sleepd O
O000D0OD00Ob0 200 phase0D0OOODOODO g, X, r,sO00000O0O
goo

¢ Wake-phase

00000 {«;}00 «0000000000O0DOO0 (OODODOOO
0000000000000 000D) D0 000000000

y=rlx+65 &~ N(0,s) (62)

00000 y0ODOO0OU0DOD0OUOOOOOOO (,y)DODOODDOOOO
oboob g0 XOoODnOOoOO

gi+1 =gt + a{(z — g1y)y) (63)
Uz'2,t+1 = 5‘7i2¢ +(1-0) <(l‘a - gi,ty>2> (64)

000 «000000F010000000000D00000O ()0
goboboboobb0 «0000D00O0ODDOODOOyOODOODO
gooo

e Sleep-phase
gooooobobbbbybbbOoooooooo

r=gwy+e, €e~N(0X) (65)

0000000000000 000000000000 (x,y) OO
000000000000 r,s2000000

T =1+ o (x(y —ri ) (66)
3%+1 = 5/33 +(1-4) <(Z/ - 7";[5'3)2> (67)
(68)

000 ()OO00OoOooOooooooooUuooo

18



000000 bootstrap 00 Monte-Carlo0D O OO0 O DOOOO0OOOOODO
00o0000DoDO0o0o0o0ooooooDooooooooooooooon
00o00o000o0o0oo0ooooboD g0 «00 g;0200:00 ;0 y0O
doo0ooDooooooooooooooon

Git+1 = Git +a{(®i — gi,1Y)y) (69)

000000000 oDooOooDoO0oDoooDooDoooDooooOooo
0000000000 oDOooDoooDooDoooDooDoOoooOooo
000000000 oDooOooDoO0oDoooDooDoooDooooOooo
0000000000000 ooooDoooDoooDooDooooooo
0000000000000 oD000o0DoDoooDOooDOooOooDOooo
0oo000oO0oDodoodoododoooooooooooooooooooa
Wake-Sleep 00000000000 DOOOOODOO Kullback-Leibler O
00000000 bO0o0bO0o0DbO0obO0o0b0o0b0o0D0o0D0o0 0y
O0o0oU0oooooUe=(g,X)000

p@¢m0)=em><—%(y wT)A<i>—4M90 (70)

. ( 1+gT5 g ‘ _gT1 >
—2_19 ‘ 2—1

P(0) = % (Zlog ol +(n+1) log27r)

00000000000000000:000000 y00000000O
000 N(rTz,s?) 000000200000000000 &1,...,zxy 00
0oo0oOooo0oooo

C:

2|~

N
Z zxl, (71)
s=1

0000o0o0oo0ooO0ooo N(o,O)ODOUODOODoOOooouooooooo

n=(r,s?)000
aly. @;m) = exp (—% (v «7)B (i) - w<n>> (72)

B= 1 1 ‘ -’
o2\ —p ‘ s2C~ 1+ T

1
y(n)::5(kg82+—bg|0|+(n—%l)bg2ﬂ)

Q

O00O00oOopDoboO0oOobogDbOon Wake-phase O

D(a(n),p(6)) = By (log %) (73)

19



060000 0O0ODOODO Sleep-phase O

D). a(n) = Eyoy (10w 5121 ) 7

UqnbO0000000000000D0ODOOODO0Db0O0O0b0ObOn e0O
gobobooboobobobboobooo

ooooboobobbobooboboboboobooboo EMDOD
em 00000000 0DO0OO0OODOODOODOODODOODOOOOOOO
g

x=flgy)+e (75)
y=nh(rTz)+6 (76)

00000000 OO0O0000O0000ooO000oooDOUOWwake-Sleep
goboobooboobbobbobobobobo
gobobobobbobobobobbobbobbobobbooboobon
gobgoboobobboboobobooobboboboboboboboobooboooboo
gobgoboobobboboobobooboobbobboboboboooboobooonoo
gobgoboobobboboobobooboboobobobobobooobooboooboo
goboobbobbobbobbobboobobobbobbooboobon
gobgooobobboboobobooobbobboboboboooboobooonoo
0O Wake-Sleep OO0 00000000000 ODOO0OOOOODOOOOOO
gooboobobobobobooboboobobo

4 EMUOUOUOUOOUOUOOOOUOOOobDOOODOO

ooooboeEeMbOOobOOooboobooboobooboboboboogoo
gboobobooobobooboobobooooobooooooboon
gbooboboobooboobobooobobooobobooobooobo
gobgobooboboboboobobooboobbobooboobobooobooboooboo
gobgooobobboboobobooobbobboboboboooboobooonoo
goboboooooooobon

4.1 Mixtures of Experts

Mixtures of Experts [15, 16)] 0 0000000000000 D0OOOOO
gogodobobbbboooooobboouooooo

0000 expert network 0 gatingnetwork OO O OODOODOOODOODO
00000000 (hierarchical mixtures of experts) 0000000000
goooooobooobo

20



Gating
Network

Expert
Network

Expert
Network

O 7: Mixtures of Experts

e expert network

O network 000 z € R 0000 w; € RAODOOO0O0ODODOOO

goobbooobboobbooobboobbooobboon
goodoooooooooobooooopobobD ¢, 0DbO0opggoogo
goboooboboboobooobobobobbon

0o0ooboopDoOoDO0O0O000000oooooDOOUOnetwork
gobobobooboobooboogobooboooobg nOoO
googooo

Yy=p;+n (78)
000000000 yOO0OO0OO0OO0O000

I B A P S P
plule 00 =~ enp (<50 = £i(0:00)" 5 (0 — w6
(79)
gooooo
e gating network
00000 s(X;68,) 0000
PR —— (s:(; 60)) (80)

SO exp (s; (3 60))

21



gobobobobbobobog s bboooobobobooooo
000000000g 00000000 1000000000(¢;)00
000000000000 ooboDooooooooOoooooOon
00 expert network 00 000000000000 DOODOOOOODOO

0000000000000 {(z1,41),...,(er,yr)} 000000000
00000y O000000000000000000EMOO000000
0000000000000000 expert network 00000000000
00000000000000000 [17]0

e E-step
0000000 (xk,yey) DOODOODOOOOO

gi(x,600.4)p(y|x, 0; )

plilz, y) = == (81)
Zj=1 gj($a007t>p(y|w?0’}t>
ogoooao
e M-step
. Gl i) (g — filme; 000)) (i — Filar; 0:0))"
il = T .
Zk:l p(2|$kvyk>
(82)
6;111=R; e, (83)
T
et = Zp(i|$k7 yk>XkZi_,tlyk
k=1
T
R = Zp(ﬂwm yk)XkZ;th,z
k=1
xfO---OlO---O
X = Dl .
00...33500...1
007t+1 = 00,1‘, + 5R0_},eo,t (84)
T K
, 0si(xk; 00,¢)
en; = iz, —gi(x;004) —————=
0.t ’;;(p(\ ks Yk) — 9i(xk; Oot)) 90,
T K

Osi(x; 00,t) Osi(xr; Oo,) "

Ros = gi(ak; 00.) (1 — gi(ax; 60,0)) 96y 989

k=1i=1

gobobobobbobobobobboobobobbobobboobobon
goboooooooo

22



4.2 Normalized Gaussian network
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