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Abstract

Let Z be a k-way array consisting of independent standard normal variables.
For column vectors hy, ..., hg, define a multilinear form of degree k by (b1 ® -+ ®
hi)'vec(Z). We derive formulas for upper tail probabilities of the maximum of
a multilinear form with respect to the h;’s under the condition that the h;’s are
unit vectors, and of its standardized statistic obtained by dividing by the norm
of Z. We also give formulas for the maximum of a symmetric multilinear form
(h1 ® -+ ® hy)'vec(sym(Z)), where sym(Z) denotes the symmetrization of Z with
respect to indices. These classes of statistics are used for testing hypotheses in the
analysis of variance of multiway layout data and for testing multivariate normality.
In order to derive the tail probabilities we employ a geometric approach developed by
H. Hotelling, H. Weyl, and J. Sun. Upper and lower bounds for the tail probabilities
are given by reexamining Sun’s results. Some numerical examples are given to
illustrate the practical usefulness of the obtained formulas including the upper and
lower bounds.
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1 Introduction

1.1 Multilinear forms in statistical inference

In this paper we study distribution theory of multilinear forms. Here we briefly mention
various uses of multilinear forms in statistics and the relevance of our results to these
applications. More detailed discussions of these applications are given in Section 2.

In the traditional ANOVA setting multilinear forms are used to model higher order
interactions. For the I x.J two-way layout Johnson and Graybill (1972) proposed to model
the interaction by a bilinear form: ¢u;v;, + =1,...,I, j =1,...,J, where ¢ is a scalar.
Their method was extended to a multiway layout by Boik and Marasinghe (1989). In a
three-way layout, for example, they proposed the trilinear structure ¢u;v;wy as a model
for interaction of the highest degree. Modeling of higher order interaction by this form
is attractive because of its simplicity. For statistical inference it is important to test
the null hypothesis Hy : ¢ = 0. The distribution theory for testing this hypothesis
shall be provided by our results on multilinear forms. More general models of this type
for multiway data are applied mainly in the field of psychometrics and chemometrics.
However appropriate distribution theory is lacking and at present these models are used
for descriptive purposes only. The results of this paper will be of basic importance for
statistical inference with these models.

Another important multilinear structure is mixed cumulants of a random vector. For
example consider the third cumulant cum(vw'z,v'z, w'z) = 3 uvjwy, cum(z;, x5, ) of a
random vector x = (x;). Multilinearity is the basic property of cumulants. Note that
this is a symmetric multilinear form since cum(x;, z;, ) is permutation invariant with
respect to the indices. From the distributional point of view it is important to test the
multiple hypotheses that cum(u'z, v'z,w'z) = 0 for all u,v,w. A natural test statistic is
the maximum of sample cumulants with respect to u, v, w normalized so that v'x, vz, w'x
have unit variances. This statistic is shown to coincide with the test statistic for mul-
tivariate normality by Malkovich and Afifi (1973). Our results on symmetric multilinear
form provide satisfactory distribution theory for this type of statistic.

1.2 The problems

Here we present the canonical forms of the statistics studied in this paper. Let Z =
(2jy5)s Ji = L. qi, @ = 1,...,k, be a k-way random array whose components are
distributed independently according to the standard normal distribution N(0,1). Let
hi = (hit, ..., hig,)" € R%, i =1,... k, be coefficient vectors and consider a multilinear
form of degree k, or k-linear form defined by

q1 qdk
Ge(hi, s Z) = D by gz,

Ji=1 Jr=1

= M - @)z, (1.1)



where ® denotes the Kronecker product and z = vec(Z) = (2111, 211..2, - - -+ Zqrqo.qi)
is the ([T*_, ¢;)-dimensional column vector consisting of the components of Z by the
lexicographic ordering. We first consider the maximum of the k-linear form under the
condition ||h;|| =1 for any i, i.e.,

T, = max hiy... hg; Z), 1.2
= ey 9 has 2) (12)

and its standardized statistic

U =Ti/||2]| = Ilh_fﬁngwgk(hlw--,hk;Y), (1.3)
where || - || denotes the usual Euclidean norm and Y = Z/||z|| = (2;,.;./]|2]|). Note
that for the purpose of maximization the constraint ||h;|| = 1, Vi, in (1.2) and (1.3) is
equivalent to the constraint ||h; ® - -- ® hy|| = 1, because gy is linear in each h;. Ty > 0
and 0 < Uy < 1since [|[hy ® - - @ hy|| =TT, || = 1.

Second, by imposing the additional condition that ¢ = -+ = q (= ¢, say), we
consider the symmetric k-linear form, gx(hy, ..., hg;sym(Z)), where sym(Z) is the k-way
array with (j1,. .., ji)-th component

1
E Z B (1) dm (k) ?
t TESK
and Sy, denotes the set of permutations of {1,...,k}. The corresponding maxima are
[ max gk(h177hk7sym(z>>7 (]‘4>

E = ,
lhill=1, Vi

and its standardization

Here the maximum in (1.4) is attained when hy ® -+ ® hy = £(h ® --- ® h) for some
h € RY. This is because gx(hi, ho, hs, ..., hg;sym(Z)) is a symmetric bilinear form in hy
and hs for fixed hg, ..., hg, and hence its maximum is attained when hy = hy or hy = —ho.
Therefore we have

T, = max {3, (h; Z)} (1.6)
where h = (hy,...,h;) € R? and

ah; Z)=gi(h,....h; Z) = (h®--- @ h)'z. (1.7)

Note that Tk >0and 0 < Uk < 1.

The primary purpose of this paper is to give some explicit formulas for the upper
tail probabilities for T}, Tk, and their standardization U}, Uk More precisely, we shall
give asymptotic series for P(T, > a) and P(T, > a) when a is large, and expressions



for P(Uy > a) and P(Uj > a) which hold exactly when the a’s are greater than suitable
constants.

When k = 2, the k-way array becomes a ¢; X ¢2 random matrix Z = (2, ;,), and some of
the statistics introduced above were studied in the conventional framework of multivariate
analysis. On the other hand for £ > 3, except for Monte Carlo simulation results have not
been obtained. We summarize the facts about the case &k = 2 here. Since T5 is the largest
singular value of Z, the squared statistic T3 is the largest eigenvalue \;(Z'Z) of the ¢o X ¢o
matrix Z'Z (or \{(ZZ') of the ¢; x ¢y matrix ZZ'), where Z'Z is distributed according to
the Wishart distribution W (I,,, ¢ ). When the parameter matrix of the Wishart matrix
is the identity (i.e., the null case) and the matrix size is not large, the distribution of the
largest eigenvalue can be obtained in principle by integrating out the other eigenvalues in
the joint density of eigenvalues (e.g., Chapter 13 of Anderson (1984)). Along this line some
algorithms have been devised. See a survey paper by Pillai (1976). For the distribution
of U} = \(Z'Z)/tx(Z'Z), the largest eigenvalue divided by the trace of the same Wishart
matrix, Davis (1972) proposed a method to obtain the cumulative distribution function
by inverting a Laplace transformation symbolically, and gave the explicit expressions
for min(q1,g2) = 2,3. Using this method, Schuurmann et al. (1973) provided a table of
quantiles. The maximum T equals max{\;(A), —\,(A)}, where A;(A) and \,(A) are the
largest and smallest eigenvalues of the symmetric matrix A = sym(Z) = (Z+ Z’)/2. This
random matrix is also well studied because this is the limiting distribution of standardized
Wishart matrix as the degrees of freedom go to infinity. With the same technique as for the
case of a Wishart matrix, the distribution function for T, can be calculated numerically.

Although these approaches enable us to evaluate the distribution functions numeri-
cally, they are applicable only when & = 2 and the size of the matrix is not too large. Our
approach shall give simple and sufficiently accurate formulas for any k.

1.3 The tube method: an integral-geometric approach

In order to derive the tail probabilities of the maxima introduced above, we employ a
geometric approach. Around sixty years ago, in order to give a significance level of a
likelihood ratio test in a certain non-linear regression model, Hotelling (1939) defined the
one-dimensional tubes in the Euclidean space and the unit sphere, and derived formulas
for the volume of tubes. Hotelling’s tube formula was immediately generalized to general
dimensional cases by Weyl (1939). For the history and applications to statistics, see
Knowles and Siegmund (1989). More recently, Sun (1993) has developed a general theory
of the tail probability of the maximum of a Gaussian random field with a Karhunen-Loeve
expansion which is not necessarily finite. Sun’s theory states that the tail probability is
expressed in terms of the geometric quantities which appear as the coefficients of Weyl’s
tube formula for a manifold defined by the Karhunen-Loeve expansion. As we shall see
later, evaluation of the tail probabilities for the standardized maxima Uy, Uy can be
reduced to the evaluation of the volume of tubes. Derivation of the tail probabilities for



the non-standardized maxima T}, T}, are within the scope of Sun (1993). However, it is in
general difficult to give explicit expressions for all of the coefficients in Weyl’s tube formula
in each particular application. For example, Sun (1991) discussed the tail probability of
a projection pursuit index in exploratory projection pursuit, and gave only the first two
terms in integral forms. In our paper, in order to evaluate all of the coefficients in the
volume of tube, we use a tube formula represented in terms of the second fundamental
form, whereas the tube formula described in Weyl (1939) is expressed in terms of the
intrinsic curvature tensors. We believe that for evaluating the coefficients explicitly the
tube formula based on the second fundamental form is often more helpful than that based
on the curvature tensors. Indeed for our problem we will obtain all of the coefficients of
the volume of tube by integrating the second fundamental form.

The outline of this paper is as follows. In Section 2, applications of the distributions
of the maxima mentioned briefly in Section 1.1 are examined in more detail. In Section
3, we first prepare geometric tools and then give our main results on k-linear forms
and symmetric k-linear forms in Theorem 3.2 and Theorem 3.3, respectively. In the
geometric preparation we summarize the theory by Weyl (1939) and Sun (1993) in a
form comparable to the approach in our recent paper Takemura and Kuriki (1997), where
convexity was assumed. We also give a theorem to calculate the critical radius, the extreme
radius for which Weyl’s tube formula is valid. Sections 4 and 5 are devoted to discussion
of some numerical examples and to the derivation of some geometric quantities needed
for the tube formulas for k-linear forms and symmetric k-linear forms, respectively. Our
numerical examples and Monte Carlo studies demonstrate that the obtained expressions
are practical enough for calculating P-values. Some of the details on geometry and proofs
are provided in the Appendix.

2 Applications to testing hypotheses

In this section we discuss testing problems where the distributions of the maxima of
multilinear forms introduced in Section 1.2 are required for calculating their P-values.

2.1 Tests for interaction in multiway data

Let z;;, 1 =1,...,1, 7 =1,...,J, be observed as two-way layout data without replication.
For such data Johnson and Graybill (1972) assumed a model:

Tij = i + 3 + du; + ey, (2.1)

where o, 3;, ¢, u;, and v; are unknown parameters and ¢;; is a random error distributed
independently as N (0, 0?) with 2 unknown. They proposed a test for interaction effects,
or non-additivity, as a likelihood ratio test for testing Hy : ¢ = 0. They showed that the
critical region of the likelihood ratio test is given by

M(Z'2))te(Z2'2) > ¢ (2.2)

b}



for some constant ¢, where Z = (z;;) is a I x J matrix with (¢, j)-th element
Zij = i — X — X + . s

and \;(Z'Z) is the largest eigenvalue of Z’Z. Here the dot means the arithmetic mean
with respect to the corresponding subscript, e.g., x; = (1/J) 37:1 z;;. Under the null
hypothesis Hy : ¢ = 0, the distribution of the likelihood ratio test statistic in (2.2) is
shown to be that of U in (1.3) with ¢y =1 —1, go = J — 1.

As an extension of Johnson and Graybill (1972), Boik and Marasinghe (1989) consid-
ered a test for interaction in a k-way layout without replication. Their model in the case
of a three-way layout is

Tije = (f)ij + ())ik + (07) jk + Quvwi + €ijks

where ;5 is distributed independently as N(0,0%), i = 1,...,1, j = 1,...,J, k =
1,...,K. Here as in (2.1) the parameters (af3), (a)ik, (87)jk, @, wi, v, wy, and o
are unknown. Using this model they proposed a test for the null hypothesis Hy : ¢ = 0.
The critical region of the likelihood ratio test is of the form

2
2
max ( . u«v-wkz--k) / L2 > cC 2.3
llul|=[lv]|=(lw]=1 Zw,k v Y Zw,k igk ’ (23)

where u = (uq,...,us), v=(v1,...,v;), and w = (wy,...,wk)" are unit vectors, and
Zijk = Tijk — Lij. — Tik — Tjk +x;.. + Z.j. + 2. — ..

is the residual under Hy. The distribution of the test statistic in (2.3) under Hj is
shown to be that of U? in (1.3) with ¢ = I — 1, ¢o = J — 1, g3 = K — 1. Monte
Carlo studies to estimate the distribution function of U3 are found in Boik (1990) and
Kawasaki and Miyakawa (1996).

In a similar fashion, this method can be extended to a multiway layout of higher
order. It is easily proved that the distribution of U? arises as the null distribution of the
likelihood ratio test statistics for testing interaction in a k-way layout.

Remark 2.1 In the fields of psychometrics and chemometrics, three-way and higher mul-
tiway data analysis are extensively studied. The aim of this work is to extend the methods
of principal component analysis or correspondence analysis which have been successfully
developed in two-way data analysis into multiway data analysis. Leurgans and Ross (1992)
with discussion comments by three authors are helpful for surveying multiway data analy-
sis and related topics in mathematics. One of the most studied models among them is the
PARAFAC model, which is called INDSCAL in the context of multidimensional scaling,
where suitably preprocessed three-way data are modeled by a three-way array with (i, j, k)-
th cell of the structure SF | u§%§’”’w,§’”’. The model by Boik and Marasinghe (1989) is
a particular case of a PARAFAC model where the “rank” R is equal to one. Although



there are quite a few papers on multiway data analysis, almost all of them are focused
only on modeling and fitting and distributional results have not been given. Our geometric
approach has the advantage that it enables us to tackle distribution theory and related
statistical inferences for multiway data analysis.

2.2 Tests for multivariate normality

Let x € RY be a random vector distributed according to a continuous distribution with
unknown mean vector i and non-degenerate covariance matrix Y. Let wug,...,ux be
vectors normalized so that u;Xu; = 1 and hence wjz has a unit variance. By Roy’s
union-intersection principle, we consider the maximum of the joint cumulant

By = max cum(ujz,...,ur) (2.4)

u;Yu;=1,Vi

as a non-negative measure of the departure from multivariate normality. Note that (2.4)
is independent of p and X, and takes the values zero when the distribution of x is a

multivariate normal. Since the joint cumulant in (2.4) is symmetric in uq, ..., ug, the
maximum is attained when u; = -+ = ug, or uy = -+- = up_1 = —uy, and hence (2.4) is
reduced to K ()|
o k
By = et [Ki(w)| = uesq % Ky (u)k/?’ (25)
where
Ki(u) = cum(v'z, ... u'x).
k

Malkovich and Afifi (1973) called Bs and B, multivariate skewness and kurtosis, respec-
tively.

Assume that independently and identically distributed sample vectors zi,...,x, €
RY are observed. The sample version By of B, (2.5) is obtained by replacing K (u)
with the sample cumulant (cumulant with respect to empirical distribution) Kj(u) of
wxy, ..., vz, Malkovich and Afifi (1973) proposed the tests that the hypothesis of mul-
tivariate normality is rejected when Bs or By are greater than some critical points. From
now on we consider the null distribution of B;. We can assume y = 0 and ¥ = I, without
loss of generality.

Let C'(S? ') be the Banach space of continuous function on the unit sphere S4°!
endowed with the supremum norm. Let Zj(u) be a Gaussian random field in C(S971)
with zero mean and covariance function E[Z,(u)Z(v)] = k! (u'v)*. The following theorem
is an extension of Machado (1983) who only treated the cases k = 3,4. The proof is given
in Appendix A.1.

Theorem 2.1 Let zy,...,x, € RY be independently distributed according to N(0,1,).
Then /nK(u)/ Ky (w)k'? converges in distribution to the Gaussian field Zi(u) as n goes
to infinity in the space C(S971).



Here it is easily seen that Z;(u) has a representation
Zi(u) = VK gi(u; Z),

where g (u; Z) is defined in (1.7). By virtue of the continuous mapping theorem, \/nBy
converges to v'k! T}, in distribution under the hypothesis of multivariate normality. There-
fore, we can obtain approximate critical values for By, from the tail probability of T,. In
Section 5.1 we will examine the accuracy of approximation by Monte Carlo studies.

Remark 2.2 The test by Malkovich and Afifi (1973) can be regarded as a kind of projec-
tion pursuit for searching a direction u € S of non-normality. Indeed the use of the
standardized cumulant |Ky(u)|/ Ko (u)¥/? as a projection pursuit index was proposed by
Huber (1985), Example 5.4. Although it has been pointed out that the standardized cumu-
lant as a projection pursuit index is too sensitive with respect to tails of the distribution
(Friedman (1987)), it still has an advantage that the approximate significance level can
be calculated via the tail probability formula given by this paper.

3 Geometric preliminaries and main results

In this section we summarize geometric tools in a form suitable for our development and
then give our main results in Theorem 3.2 and Theorem 3.3.

3.1 Distribution of the projection onto nonconvex
smooth cone

Here we summarize results mainly from Weyl (1939), Sun (1993), and Johansen and John-
stone (1990). Furthermore by reexamining Sun’s derivation of the asymptotic expansion
of the tail probability, we give upper and lower bounds for the tail probability P(T > a)
for the non-standardized maximum (such as T}, or Ty in (1.2) or (1.4)), which are valid
for each a > 0. We provide our own simplified proofs of these results in Appendix A.3.

Let {Z(t) € R |t € I} be a Gaussian random field such that F[Z(t)] = 0, E[Z(t)*] = 1
with the index set I. We assume that Z(t) has a finite Karhunen-Loeve expansion:

20) = Y oult)s = oty tel, (31)
i=1
where ¢(t) = (¢1(t),...,0,(t)), 2 = (z1,...,2,) and z;, i = 1,...,p, are independent
standard normal random variables. Note that F[Z(s)Z(t)] = ¢(s) ¢(t), and that ||¢(t)|| =
1 since E[Z(t)?] = 1. Let
M =¢(I)={o(t) |t e} Cc S

We put some assumptions on M.



Assumption 3.1 M is a compact C?-submanifold without boundary of dimension d in
Spt,

Define a closed cone K C RP associated with M by

K=\JcM={cp(t) | c>0, t €I}, (3.2)

c>0

which is smooth except for the origin. For z € RP let zx € K denote the projection of z
onto K:

Iz = 2|l = min [z —y].
In
; _ 12 = ; _ 2 _ : 2 / 2
min [|2 — y| i e —ruf®= min {]l2]]" - 2r(u'2) + 77}
= min{HzH2 — Qr(maxu'z) + 7‘2},
r>0 ueM
the minimum is attained when r = max{max,ep ¢'z,0}. Since ||y|| = r, this implies that
—_— / —_—
ol = e = max 200

unless ||zx|| = 0. See Figure 3.1 (left).

Note that zf exists since K is closed. zx may not be unique but ||zx|| and ||z — zk]|
are uniquely determined. In Takemura and Kuriki (1997) we investigated properties of
projections onto a convex cone K. In the case of the convex cone, zx is always uniquely
determined and its distribution is nicely characterized as a ¥? distribution. By introducing
a cone K in (3.2) it becomes clear that the results in this section are closely related to
those in Takemura and Kuriki (1997).

For nonconvex K we need to be concerned with the uniqueness of the projection zx.
The essential notions are the tube around M and the critical radius (critical angle) of M
with respect to the geodesic distance of SP~!. Here the geodesic distance between two
points u,v € SP~! is given by arccos(u/v), which is the length of the part of the great
circle joining u and v.

For 0 < # < 7 the tube of geodesic distance 6 around M on SP~! is defined by

My = {v € SP7! | maxu'v > cos@}.
uc M

For each u € M let T,,(M) denote the tangent space of M at u. Define a subset Cy(u) of
SP~1 by the set of points v with the geodesic distance less than 6 from u and such that
the geodesic from u to v is orthogonal to T,,(M) at w. That is,

Co(u) = {v €SP~ | v'v > cos O} N {u+ T,(M)*},



where T,,(M)* denotes the orthogonal complement of T;,(M) in RP. Since M is a closed
submanifold of SP~! without boundary we obviously have

M@ = U O@(u)
uweM
It is said that My does not have self-overlap if Cy(u), u € M, are disjoint. The supremum
0. of 6 for which M, does not have self-overlap is called the critical radius (or critical
angle) of M:
0. = sup{f | My does not have self-overlap}.
Note that the critical radius never exceeds /2, which is attained when M = S¥~1 C
Sp=tod < p.

For determining the critical radius of M the following lemma (Proposition 4.3 of
Johansen and Johnstone (1990)) is very useful. Although Johansen and Johnstone (1990)
stated their Proposition 4.3 for the case dim M = 1 only, its statement and proof hold for
dim M = d > 1 almost verbatim and we omit the proof.

Lemma 3.1 The critical radius 0. of M is given by

1 —u'Pu
cot? 0, = sup

—_— 3.3
u,veEM (1 - UIU)Z ( )

where P, is the orthogonal projection onto the tangent space T,(K) of K of (3.2) at v.

Remark 3.1 Let
v1—uPu

hlu, v) = 1—uv

(3.4)

be the square root of the argument of the supremum in (3.3). In Appendiz A.2 we show
that h(u,v) can be defined also for u = v by taking the appropriate supremum as u — v,
and the mazimum over the compact set M x M exists and is finite. This implies that the
critical radius 0. is positive under our Assumption 3.1.

Let Ky denote the cone associated with Mp:

K@ = U CM@.

c>0

See Figure 3.1 (right). As before K denotes the cone associated with M. If z € Kj_ then
the projection zx of z onto K is unique. For z € Ky, write

2=z + (2 — zK) = ru+ sv,
where r = ||zk||, s = ||z — 2k]|, and
u=zg/r €M, v=(2—2r)/s € T,(K)- NS

The one-to-one correspondence z « (7, u, s,v) is of class C' and Weyl (1939) derived its
Jacobian. We state the Jacobian in the following lemma.

10



Lemma 3.2 Let H(u,v) denote the second fundamental form of K at u with respect to
the direction v € T,(K)* N SP~!. Then

dz = ’Idﬂ + ;H(u, v)’ rddr du sP~92ds dv (3.5)

where dz denotes the p-dimensional Lebesque measure, du denotes the volume element of
M, and dv denotes the volume element of T,(K)* N SP~! (the (p — d — 2)-dimensional
unit sphere restricted to the space T,(K)*).

A simple proof of Lemma 3.2 is given in Appendix A.1 of Kuriki and Takemura (2000).

Let tr;H denote the j-th trace, i.e., the j-th elementary symmetric function of the
eigenvalues of H = H(u,v). Let troH = 1. Although T, (K) is of dimension d + 1,
rank H (u,v) < d since H(u,v) has at least one eigenvalue (principal curvature) equal to
0 with the eigenvector (principal direction) u. Therefore

d
’Id+1 + fH(u, U)’ rt =3 "riestr. 0
r e=0
and (3.5) can alternatively be written as

d
dz =Y ri=cs?~ 4 dr ds tr. H (u, v) du dv. (3.6)
e=0
Moreover as shall be explained in Appendix A.2; the principal curvatures of K at
u with respect to the principal directions orthogonal to u coincide with the principal
curvatures of M at u. In other words H(u, v) appearing in (3.5) and (3.6) can be replaced
with the second fundamental form of M at u with respect to v.
From Lemma 3.2 the volume of My, 6 < 0., is obtained as follows. Let

9 d/2
Qq = Vol(§"") = = (7; 9

denote the total volume of S?~! and let B,,,(a) denote the upper tail probability of the
beta distribution with parameter (m,n)

D, ! 1 m—1 n—1
Bpn(a) :/a Wf (1—=&)"dE.

Lemma 3.3 Let z € RP be distributed according to the standard multivariate normal
distribution N (0, 1,). For 0 <60 <0,

d
VOI(MQ) = QP ) P(Z S K9) = QP Z wd-l-l—eB%(d—l—l—e),%(p—d—l—i—e)(COS2 6)7
e=0
where 1
—e — t EH 9 d d . 37
et Qd—i—l—er—d—l-l-e /M [/TH(K)Lmspl ' (u U) v] Y ( )

11



This formula was given by Weyl (1939). A simple proof is given in Appendix A.3. Note
that wg,1_. corresponds to the weight of the y? distribution for a piecewise smooth cone
given in Theorem 2.4 of Takemura and Kuriki (1997).

Now consider the tail probability of the standardized maximum statistic. Let Z(t) be
given as in (3.1) and consider

— / _ !
U =max(t)z/||z] = maxu'2/[|z]. (3.8)

Because z/||z|| has a uniform distribution over SP~1 for —1 <a <1

PU>a)= QLVOI(MQ), 0 = 0(a) = arccos(a).

P
If a > cosf, then Vol(Mpy(,) is given by Lemma 3.3. For convenience we state this as a
lemma.

Lemma 3.4 For a > cosf,.

d
P(U>a)= ) wd+1—eB%(d—i—l—e),%(p—d—l—i—e)(a2)' (3.9)

e=0

e:even

Now we consider the non-standardized statistic. Let

— /., /
T = max o(t)z = max u'z. (3.10)
Denote the density and the upper tail probability of the x? distribution with m degrees
of freedom by g,,(a) and G,,(a), respectively. Furthermore for a,b > 0 define

oo o0

Qnn(a:b) = [ gn(€) (1 = Go(b€)) d€ = Gun@) = |~ g (€) Gu(b) .

a a

Qmn(a,b) can be evaluated by numerical integration. It is also easy to obtain recurrence
relations among @, »(a, b)’s.
Now we can state the following theorem.

Theorem 3.1 Let wy,1_. be given in (3.7). For a > 0

Qr(a) < P(T > a) < Qu(a),

where .
QL(CL) = Z wd+1—eQd+1—e,p—d—1+e(a27 tan2 Qc) (311)
and | |
Qu(a) = Qula) + Gyla®(1 + tan0,)) (1 - %M@c)). (3.12)

12



The proof is given in Appendix A.3. Furthermore it is easy to see that

Qu(a) — Qr(a) < Gp(a*(1 + tan®6,.)) = o(G1(a?))

and

IN

d d 00 _
Qu@) = Y wanr-Garie(@®)| <3 Juwarieel [ gun1-06) Gya (€ tan ) d

e:even e:even

< Z:O |War1—e| Gpla®(1+tan®6,)) = o(G,(a?)).

e:even

As a corollary to Theorem 3.1 we have the following result by Sun (1993):

Corollary 3.1

d
P(T>a)= > wir1-eGar1-c(a*) + o(G1(a?)) as a — 0. (3.13)

Remark 3.2 Let lin K be the intersection of all linear subspaces containing the cone
K. When lin K is a proper subset of RP, there exists a Karhunen-Loéve expansion of
dimension p' = dim(lin K) < p, and p in Theorem 3.1 should be replaced with p' so as to
improve the lower and upper bounds.

To conclude this subsection we point out a useful relationship between the coefficients
Wgt1—e. Let x(M) denote the Euler characteristic (Euler-Poincaré characteristic) of the
index set M. The next lemma follows immediately from the Gauss-Bonnet theorem.

Lemma 3.5 For d = dim(M) even,

d
X(M) =2 Z Wdt1-e = 2(w1 + w3+ -+ wd_l).
e=0

e:even

A proof is given in Appendix A.3. Note that x(M) = 0 for d odd, since the Euler
characteristic of a closed Riemannian manifold of odd dimension is zero.

3.2 Main results

We present our main results on the tail probability of the maxima of a multilinear form
and a symmetric multilinear form in Theorem 3.2 and Theorem 3.3, respectively.
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3.2.1 Tail probability of the maximum of a multilinear form

For a multilinear form let
My={hi® - @hy|h; €S i=1,...k} (3.14)

be the manifold of dimension d = Y% ,(¢; — 1) in RP with p = [[*_,¢. Since |h ®
c- @ h| = TI%, ||l = 1, it follows that M, C SP~'. It is easy to check that M is
a submanifold of SP~! satisfying Assumption 3.1. The statistics T}, and Uy in (1.2) and
(1.3) are written as

— / _ /
Te = maxu'z, Uy = maxu'z/||z]],

respectively, where z is a p-dimensional column vector distributed as N(0, I,). Then T},
and Uy, are of the form of the random variables 7" and U in (3.10) and (3.8) whose tail
probabilities can be derived by virtue of Lemma 3.4, Theorem 3.1, or Corollary 3.1.

In order to state the main theorem on a multilinear form, we need to introduce a
combinatorial quantity.

Definition 3.1 For non-negative integers m and dy, . . ., dy, define a non-negative integer

ni(dy, do, ..., dg;m) as follows. Let A= {1,...,d} withd= %" d;. Put
Ai:{aeA } Yihd+1 gagz;l:ldj}, i=1,... k (3.15)

which form a partition of A. Consider a set of m pairings

{(CLl, CLQ), R (agm_l, a2m> | a; < az < -:---<Aogm-1, A1 < A9,...,02m—1 < agm} (316)
such that
(i) 2m indices a1, aq, ..., as, are distinct elements of A ={1,2,...,d}.

(ii) For each pairing in (3.16), say (ag—1,a9), ax—1 and ay do not belong to the same
set of (8.15), i.e., if ay_1 € A; and agy € Aj then i # j.

Then ng(dy,ds, . ..,dx;m) is defined as the total number of sets (3.16) of m pairings
satisfying (i) and (ii).

A recurrence formula for calculating ng(dy, ..., dy;m) is given in Lemma A.2 of Ap-
pendix A.4. Now we can state our result on a multilinear form. The proof is given in
Section 4.2.

Theorem 3.2 The tail probabilities of Ty, in (1.2) and Uy in (1.3) for k > 2 are given
by Theorem 3.1 (or Corollary 8.1) and Lemma 3.4, respectively, where d = Y% (g¢; — 1),
p =1L @, and

14



(i) the non-zero coefficients wyy1_. are given by

3(k=1) 1
T2 e/2 1
Wd+1—e = m ( - 5) F(§(d+ I e)) nk(Ql -1, a4 — 1’6/2)7

e=0,2,...,[d/2] x 2, with ny, given by Definition 3.1,

(i) the critical radius 6, is given by
[2k — 2
0, = cos™! K )
3k —2

When k = 2, ny(dy, da;m) is the total number of m pairings of the form

{(bl,cl), ceey (bm,Cm)}, bl, .. .,bm - Al, Cly...,Cp € AQ.

There are (fﬁ) ways of choosing m elements from A; = {1,...,d;} and there are (fj)
ways of choosing m elements from Ay = {d; + 1,...,d}. Furthermore there are m! ways
of forming pairs of the 2m chosen elements. Therefore we have

ng(dl, dQ; m) = <zi> (f}j}) ml!.

The tail probability formula for £ = 2 is summarized in terms of the Wishart distribution
as follows.

Corollary 3.2 Let W be a q x ¢ Wishart matriz distributed as W (I, v) with v (> q)
degrees of freedom, and let \y (W) be the largest eigenvalue of W. Then the tail probabilities
PAM(W) > a?) and P(\(W)/te(W) > a®) are given by (3.13) and (3.9), respectively,

where d = q+ v — 2, p = qu, and the non-zero coefficients wgyy1_. are

Wat1—e = Wgiv—1—e

_(c1)ef2 et T g+ 1)) TEwW+1)T(h(g+r—1—¢))

Val(g—e/2)T(v —e/2) (e/2)!
fore=0,2,...,2(q—1). The critical radius is 0, = 7 /4.

(3.17)

Remark 3.3 As we will see in Lemma 4.2 the Euler characteristic of My is x(My) = 2
if both q and v is even, 0 otherwise. The Gauss-Bonnet theorem (Lemma 3.5) implies
that when v+ q is an even integer there is a relation between the coefficients Wyyy—1—c in
(3.17):
ik (1 ifqis odd,
]z:%)wﬁ”_l_% N {O if q is even.

Indeed, as we will prove in Appendiz A.5, (3.18) holds even when v + q is odd. (More
precisely (3.18) holds for any real number v such that v # q—1,q—2,...) Noting this and

(3.18)
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the relation G, (x) = 2g () + Gp_a(), we can rewrite the formula for the tail probability
of (W) given by Corollary 3.2 as

q—2 £ fq i
B Gy—g+1(x) if q is odd
PO (W) > - i Qo125 att © (319
(A(W) = z) j;)wﬁ 1-2j Gg+v—1-2;() +{0 if q is even, (3.19)
where

J
Wyyp—1-25 = 2 Z Watv—1-2i-
i=0

Hanumara and Thompson (1968) proposed an approximate tail probability formula for
M (W) by modifying Pillai’s approzimation formula for the largest eigenvalue of a multi-
variate beta matriz. Their formula is shown to be reduced to our formula (3.19), although
it seems complicated at first glance. They concluded that this formula is accurate enough
for calculating significance levels, and made tables of quantiles based on it. However
Hanumara and Thompson (1968) did not give any mathematical justifications of (3.19).
We have given a justification of (3.19) as an asymptotic expansion as x goes to infinity.

3.2.2 Tail probability of the maximum of a symmetric multilinear form

We now present our result on a symmetric multilinear form. The set

My={eh® --@h|he ST e==+1} (3.20)
k

forms a manifold of dimension d = ¢ — 1 in SP~! with p = ¢*. As in the case of the
manifold My in (3.14), it is easy to check that M, is a submanifold of SP~! satisfying
Assumption 3.1. The statistics Ty and Uy in (1.4) and (1.5) can be written as

Tj, = max vz, Up = max u'z/|| 2],
u€Mj, u€My,

respectively, where z is a p-dimensional column vector distributed as N(0, [,). Here it is

to be noted that the representation (h ® ---® h)'z is not of minimal dimension. M} or

its associated cone Kj = U.>ocMj, is degenerate. It is easily proved that

3 1
dim lin(K) — <q +£ )

(see, e.g., Takemura (1993)). As stated in Remark 3.2 we have to be careful that the

_k . . . . o +k—1
p = ¢" appearing in Theorem 3.1 is replaced with p’ = (q . )

Theorem 3.3 The tail probabilities of Ty in (1.4) and Uy, in (1.5) for k > 2 are given by
Theorem 3.1 (or Corollary 3.1) and Lemma 3./, respectively, whered = q—1, p = (‘”i_l),

and
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(i) the non-zero coefficients wyy1_. are given by

k—1\e/2 L(3(g+1))
) T

o= wy_, = k2@ (=
Wat1-e = Wy S ( 2 q—e+1)(e/2)"

e=0,2,...,[(¢—1)/2] x 2,

(ii) the critical radius 6. is given by

The proof of Theorem 3.3 is given in Section 5.2.

Remark 3.4 When q is odd, the Gauss-Bonnet theorem Y ..owen Wg—e = 1 holds (see
Lemma 5.2).

4 Multilinear forms: examples and proofs

In this section we first give numerical examples for Theorem 3.2. The rest of this section
is devoted to the proof of Theorem 3.2.

4.1 Examples
4.1.1 The maximum of a bilinear form (3 x 3)

Consider the statistic Ty in (1.2) with ¢; = g2 = 3. Then Ty is the square root of the largest
eigenvalue of the Wishart matrix W (I3,3). Then p = q1qo =9 and d = ¢; + ¢ — 2 = 4.
The approximate tail probability for 75 is given by Corollary 3.2 as

P(Ty > ) ~ 3G5(2?) — 4G5 (2?) + 2G4 (7). (4.1)
Since the critical radius is 6, = 7 /4, the lower bound is
Qr(z) =3Q54(2%, 1) — 4Q36(2*, 1) + 2Q1 5(2%, 1). (4.2)
Let M. denote the tube of distance 6. around M,. The upper bound is
Qu(z) = Qr(z) + Go(227) (1 — Vol(M,) /), (4.3)

where

Vol(M.)/Qg = 3B3 5(1/2) — 4B3 5(1/2) + 2B1 4(1/2) = 0.990.

In Figure 4.1 the approximate tail probability by (4.1), the lower and upper bounds by
(4.2) and (4.3), and the exact tail probability calculated by the Pfaffian method (Section
4.2 of Pillai (1976)) are plotted. The exact value and the upper bound are too close
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to be distinguished. We can conclude in this case that the approximation formula by
asymptotic expansion is sufficiently accurate.

Also recalling that the value of Vol(M.)/, is the maximum P-value which can be
calculated by Lemma 3.4, we can also conclude that Lemma 3.4 provides a practical
method for calculating the P-values for U3.

Remark 4.1 As mentioned in Section 1.3, the original tube formula by Weyl (1939) is
represented in terms of the curvature tensor. Sun (1993) pointed out that for up to two
terms the tube formula can be written in a relatively simple form by using the scalar
curvature. Let t = (t') be a local coordinate of the index set I, and let (g;;(t)) and R(t) be
the metric tensor and the scalar curvature at t, respectively. Sun’s two-term formula for
the mazima T = maxer Z(t) of the Gaussian field is

P(T > x) ~ koto(x) + Kata(1), (4.4)
where

Ko = / det(gi;(£)V2 dt" - - - dt? = Vol(I),
I

vy — /I (Rét) B d(d2— 1)) det(gy; ()2 dt* - - - dt,

L(z(d+1—e)) - )
V() = 212+e/27r(d+1)/2 Garr-e(2).

In the following we confirm that the first two coefficients in (4.1) are obtained by (4.4).
Each element of My = {h; ® hy | hy, hy € S371} is written as

(cost!,sint! cost? sint'sint?) @ (cost?,sint® cost*, sin t* sin t*),

where 0 < t1,#2,¢3 < 7,0 < t* < 27, The metric tensor is (gi;) = diag(1,sin? ¢!, 1, sin* #3).
Let g*" be the (k,1)-th element of the inverse matriz (g;;)~". The non-zero elements of the
affine connections defined by

14 i
Pfj = 5 ngl (&'gjz + 3]'92'1 - algij)7 0; = 8/815 )
=1

are T, = —cost'sint!, I3, = T2, = cott!, I3, = —cost®sint®, '}y = I's; = cot 3. The
curvature tensor R;ji and the scalar curvature R are defined by

d d
o m [ o l ! m 1l m 1l
R =Y gmB, R = 0iTh, — Ly + D (TR T, =T T,
m=1 m=1
and R = ijkl:l g% Rijra.  The non-zero elements of the curvature tensor are only
_ _ _ w24l _ _ _ w243
Ro121 = Ri212 = —Ra112 = —Rig12 = sin”t", Ry3a3 = Rayz4 = —Ry334 = —Raqz = sin” 17,
and hence the scalar curvature is R = 4. Since the dimension is d = 4, we have kg = 872,
ko = —32m2, and

Koto() + Katha(x) = 365(1’2) - 463(552)’

as expected.
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4.1.2 The maximum of a trilinear form (2 x 2 x 2)

As another example we consider the statistic 75 in (1.2) with ¢ = ¢ = ¢35 = 2. Then
p=1IL¢ =8and d=3Y,(¢; — 1) = 3. Since n3(1,1,1;0) = 1 and n3(1,1,1;2/2) = 3, we
have wy = 7, we = —37/2, and the other w’s are 0. Therefore we have

P(Ty > 2) ~ 7Ga(a?) — (37/2)Ga(a?). (4.5)

By Theorem 3.2 the critical radius 0. of Mz in (3.14) is given by cos?f. = 4/7. Then
tan® 0, = 3/4 and the lower and upper bounds for P(T3 > x) are given by

Qr(r) = mQua(2?,3/4) — (37/2)Qa6(x*, 3/4) (4.6)

and
Qu(z) = Qr(z) + Gs(72?/4) (1 — Vol(M,)/Qy), (4.7)
where

Vol(M,) /s = 7Bao(4/7) — (3m/2) By 5(4/7) = 0.866.

These three functions (4.5), (4.6), (4.7) are plotted in Figure 4.2. In contrast to the
Wishart matrix case, the exact distribution of T3 is not known. Instead, the estimated
tail probability by a Monte Carlo simulation with 100000 replications are plotted there.
We see that the asymptotic expansion (4.5) gives a fairly good approximation.

Also Vol(M.,) /s is adequately large and in this case Lemma 3.4 is practical enough
for calculating P-values for UZ.

4.2 Proof of Theorem 3.2

We prove here Theorem 3.2, one of the main theorems of this paper. The proof is divided
into three parts. First, the geometric quantities of M} such as the volume element and
the second fundamental form of the manifold M}, are determined (Section 4.2.1). Second,
the coefficients wg 1 are derived using combinatorial arguments (Section 4.2.2). Finally,
the critical radius 6. of M, is obtained by virtue of Lemma 3.1 (Section 4.2.3).

4.2.1 Volume element and second fundamental form

We introduce a local coordinate system to make calculations simple. Let t; = (ti1, ..., tiq-1)
be a local coordinate system of S%~! so that h; € S%~! has a representation h; = h;(t;).
Then u = hy ® - - - ® hy, € My, has a local representation u = ¢(t), where

d(t) = hi(t1) @ - @ hy(ty)

with parameter t = (t},...,t,)" of dimension d = % (¢ — 1).
Taking a derivative of ¢(t) with respect to t;,, we have
0P oh;

=h ce e @ hy_ —h; @ .
ot 1 ® ® 1®atm® +1® & hy
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The tangent space T, (My) at u = ¢(t) is spanned by

9¢
{ atia

eRP}i:L...,k, a=1,... -1},

and T, (K}) is spanned by T, (M) and u. The (ia, jb)-th element of the metric G = G(u)
at u is given by

( o° )/% = ij(ahi )/ahi = 0ijGi,ab, (4.8)

atm (9tjb N aTm atz‘b

where 9;; is the Kronecker delta and

Fiab = Otia/ Oty
is the (a, b)-th element of the metric G; of S%~1 at h; = h;(t;). Therefore the metric of
Mj, is given by G = diag(G1, ..., Gy) with Gy = (Giaw) a (¢; — 1) X (¢ — 1) matrix. The
volume element at u is

k g¢i—1 k qi—1

1 =1
du =G> T T dtia = TT{I1Gil* T dtia}.
i=1 a=1 i=1 a=1
which is a product of the volume elements of S%=1 i =1,... k.

Lemma 4.1 The volume element of My, at u = hy®---®@hy, is given by du = []F_, dS%~1,
where dS%~! denotes the volume element of S~ at h;.

Here we need to be careful about the fact that M, and S©~! x - .- x S%~! are not one-
to-one. Indeed h; ® - - - ® hy is invariant under an even number of sign changes h; — —h;.
The multiplicity of the map gz : S®™! x --- x S%~1 — M, is 27! since the signs of
hi,...,hg_1 can be arbitrarily chosen. Noting this fact, we have the following.

Corollary 4.1 The total volume of My, is

1k 1 £
(M =/ =5 / "= g
Vo ( k) " du 2k—l Zzl_[l - dS 2k—1 Zzl_[l qi

Su=1x ... x §%~1 g a 281 fold covering space of the index set Mj,. Since y(S971) = 2
if ¢ is odd, 0 if ¢ is even, we have the following.
Lemma 4.2 The Fuler characteristic of the index set My, is
k

X(My) = HX(qu'—l)/2k—1 — {2 if ¢;’s are all odd,

i1 0 otherwise.

20



Let H; be a ¢; X (¢; — 1) matrix such that (h;, H;) is ¢; X g; orthogonal. Let
dp (C% o)) )

(9t2 81511 Y 8ti7qi_1
be represented as a p X (¢; — 1) matrix, and let

oh; (8hi oh; )

Oty Oty Otig

be represented as a ¢; X (¢; — 1) matrix. Then the columns of two p x (¢; — 1) matrices
Bi=h® - Qhi_1QH Qhjz1 @@ hy

and

99 Oh,
(915 = -- ®hll®8t R hip1 @ Q hy

span the same space, since h;(0h;/0t;) = 0 and rank (0h;/0t;) = ¢; — 1.
Any vector orthogonal to u = hy ® - - - ® h;, and the column spaces of B;, i =1,...,k,
can be written as

v = (HHQHy,®@h3® - Q@hg)ern+ (HH Q@hy @ HyQhy @ -+ @ hy) €3
+oot (M@ @ ® Hy oy @ Hy) ep1p
+ (HI®QHy, @ H3@ hy ® -+ @ hy) €103+«
4 ...
+ (Hi@Hy® -+ ® Hy) €19k, (4.9)

where e’s are column vectors of appropriate sizes, e.g., e1o is (¢ — 1)(ga — 1) X 1, eq93 is
(g1 — 1)(g2 —1)(gs — 1) x 1, e1g.p is [I*_,(g; — 1) x 1. Since the linear subspace spanned
by the set of vectors v in (4.9) is of dimension ¥, ¢ — >F (¢ —1)—1=p—d—1, it
coincides with T, (Kj)*.

Now taking a second derivative we have

D¢
8tm8tjb
hi ® Qhi-1 @ 7——%— Oh Qhip1®---Qh ifi=7
B 1 i—1 atmat]b 141 k =1
- Oh; Oh, e
M® - Q@hi1® 7= ®hip1 @ Qhj 1 ® =2 Qhj1 ®---@hy ifi<j.
Otiq tjp
Then for v in (4.9)

0 iti =7

D¢ ’

v — , Oh; ,OhiN

Itia0l { (HZ Bt ® H; 0t]b) iti <.



For i < j let E;; be the (¢; — 1) x (g; — 1) matrix defined by vec(E;;) = e;;. There
exists a (¢; — 1) X (¢; — 1) nonsingular matrix F; such that

oh;

ot

H,F;.

Then the d x d (d = YF_,(¢; — 1)) matrix with (ia, jb)-th element v'(9%¢/0t;,0t) is a
block matrix with (7, j)-th block
0) if i =7,
ihwj=1,... k.
On the other hand, as we have seen in (4.8), the metric G of M}, can be written as a
diagonal block matrix with (i,4)-th block F/F;, ¢ = 1,..., k. This implies the following
lemma.

Lemma 4.3 In an appropriate coordinate system, the second fundamental form of My at
u with respect to the direction v in (4.9) can be written as

O Eyo Eg3 --- Ey
Ely, O Esy -+ Ey

H(u,v)=—| Fi3 Ey O - Eg |, (4.10)
By, Ey Ey - O

4.2.2 Evaluation of the coefficient wy, ;.

We now proceed to the evaluation of the coefficient wgy1_. in (3.7). For fixed u € M}, we
first evaluate the integral

tro H (u, v) dv, 4.11
T (Kp)tNnSp—1 reH (u, v) dv ( )

where dv is the volume element of T,,(K})* N SP~1, the unit sphere restricted to T, (Kj)*.
We introduce a random variable and replace the integration with an expectation.

Let y € RP be a singular Gaussian vector distributed as N (0, P.), where P is the
orthogonal projection matrix onto the linear subspace T,(Kj)t. Then r = |ly|| and
v = y/||y|| are independently distributed. r? has the x? distribution with p—d—1 degrees
of freedom and v has the uniform distribution over T, (K},)*NSP~!. Since H (u, v) is linear
in v, we have

EltreH(u,y)] = FEltreH (u,rv)] = E[r‘tr.H (u,v)]
= E[rf]- EftreH (u,v)]

1
= B¢ a)") g

/treH(u, v) dv,
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where

F(%(p— d—1+e))
P(3(p—d—1))

Hence we have a representation of the integral (4.11) as

E[(Xi—d—l)em] =2/

Qp—a—1
troH (u,v) dv = ——2———— - Eltr.H (u,y)]. (4.12)
El(G-a-1)"]
Note that the random vector y can be written as @, 3, where @, is a p X (p—d — 1) matrix
such that Q,Q!, = Pt and 4 is a (p — d — 1)-dimensional random vector distributed as
N0, Iy—q-1)-
Now we return to the problem of multilinear forms of degree k. As we saw, T, (Kj)*

/Tu(Kk)J-ﬂspl

is spanned by the vectors of the form of v in (4.9). In this parameterization, the squared
norm of v in (4.9) is

ol =" >0 leul®+ 32 lewll® + - + lewrl?,

1<i<j<k 1<i<j<I<k

which means that elements of the vectors

Cij (Z <j)7 €ijl (Z <j< l)a“w €12--k

form an orthonormal basis of T),(K})*. If we suppose that every element of these vectors
€ijs €ijl, - - -, €12..% 1 an independent random variable distributed as N(0, 1), e.g., €12 is a
(¢1 — 1)(g2 — 1)-dimensional standard multivariate normal random vector, then v defined
in (4.9) has the distribution N(0, P1). Therefore the problem is reduced to evaluating
the expectation Eftr.H]| with H = H(u,v) in (4.10), where each component of E;; (i < j)
is independently distributed as N(0,1).

Lemma 4.4 Let y be distributed as N (0, P;). Then

(=) np(qu —1,...,qx — 1;¢/2) for e even,

EltreH(u,y)| = { 0 for e odd,

where ny, is defined in Definition 3.1.

Proof. Note first that the generalized trace tr.H of H can be written as

tr. = Y det H[A],

Ac{1,...,d}
card(A)=e

where H[A] with A ={1 < a; < --- < a, < d} denotes the e x e submatrix of H formed by
deleting all but columns and rows of H numbered ay, ..., a. (Muirhead (1982), Appendix
AT7). The cardinality of A is denoted by card(A). Consider the termwise expectation

E[det H[AH = Z sgn(ﬂ) E[halﬂ-(al) ce haeﬂ(ae)] (4.13)
meS(A)
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where S(A) is the set of permutations of the elements of A.

Since H = (hap)1<ap<a is & symmetric random matrix whose diagonal and upper off-
diagonal elements are zero mean independent random variables (maybe a constant 0),
Elhg,(a1) " Pagr(ar)] = 0 unless e is even and 7(a) # a, m(7(a)) = a, Ya. In this case
sgn(m) = (—1)¢2, and by relabeling the indices of a’s, non-vanishing terms in (4.13) can
be written uniquely as

(_1)e/2E[h2 h2 L h2 ]

aja2'’azay Ae—10e
with a1 <az <--- < apm_1, a1 <ag,...,a.1 < a.. Moreover hy,, 4, =0 ift
i—1 i
Hi, Z(q]' - 1) +1 S agi—1 < Qg S Z(q]' - 1)
j=1 j=1

Therefore for e even we have

EftreH (u,y)] = (=1)7*Y Bl o hia, - M0l

ajaz’“azaq Ge—10e

where the summation )" is taken over all sets of m = e/2 pairings (3.16) satisfying (i)
and (ii) of Definition 3.1. Since the expectation in the right hand side is 1, we have proved
the lemma. ]

Now we proceed to integrate (4.11) with respect to du:

/ {/ tro H (u, v) dv} du.
M, Tu(Kk)LﬂSp_l

As we already saw, the integrand does not depend on u. Therefore the integration with
respect to du over M reduces to multiplying by a constant [y, du = Vol(My) obtained
in Corollary 4.1.

Then from (4.12) the coefficient in (3.7) for M, is

1 Qg
Wet1—e -Vol(My) - —2—“ _Fltr.H(u,
tl Qar1—ep_d—14e (M) E[(X%—d—l)eﬁ] | (u:0)
L(3(d+1—
- YO UL i,y

O 22T(E(d+1))

Summarizing the above calculations, we obtain the proof of (i) of Theorem 3.2.

4.2.3 Critical radius

In this subsection we obtain the critical radius 6. of the manifold M}, in (3.14) by virtue
of Lemma 3.1.

Fix a point v = hy®- - -®@hy, € M, with h; € S% ', Let H;, i = 1,...,k, be ¢; x (¢;—1)
matrices such that (h;, H;) is ¢; X ¢; orthogonal. Let K = Ueso €M be the cone associated
with Mj,. The tangent space T, (K}) at v is spanned by v = h; ® - - - ® hy, and the column
spaces of

B=h®  -Qh 19H,Qhi1® - Qhy, i=1,... k.
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Then the orthogonal projection matrix onto T, (K}) is given by

k
PU = UU/+ZBiB£
1=1

k
= Y b @ @ hihl_y @ I, @ higa bl @ -+ @ hih,
=1
—(k = 1)hih} @ -+ @ hihy,.

Let §=hy -+ & hy, € M. Then #'v = [[*_,(h}h;) and
k

k
'P,o =Y [[(h;hy)? — (k= 1) T[(hihi)?.
i=1 jti i=1
Note that both #'P,5 and #'v depend on & and v through hh; (= x; say) which takes
values —1 < x; < 1. Then by Lemma 3.1
1 — 9P 1—Z¢Hj¢z$§+(k_1)nix?

cot?’f, = sup ——— = su
ﬁ,vGI])\4 (1 —20'v)? —1<x£1, Vi (1 —TI;2;)?

Here we take the supremum in two steps: First, take the supremum under the restric-
tion that []; z; (= vy, say) is fixed. Second, take the supremum with respect to —1 < y < 1.
By the inequality between the arithmetic and geometric means, we have

k k
S [Ia2 2 k(TII122)"" = klyPo-Dr%,

=1 jti =1 ki
where the equality holds if and only if 22 = - -+ = 2. Then we have
1—k 2(k—1)/k k— 1)y2
cot’f. = sup v t ( Jy . (4.14)
~1<y<1 (1-y)

Note that in (4.14) we can restrict y to be nonnegative. Here we give a lemma, whose
proof is given in Appendix A.6.
Lemma 4.5 2(6-1) o
1 — kz2\P~ k—1 2(k—1
sup & ul )2 = ( ), (4.15)
0<z<1 (1 — zk)2 k

where the supremum is attained when z T 1.

Then by making a change of variable y = 2* in (4.14), we have by Lemma 4.5 that
cot? 0, = 2(k — 1)/k. The proof of (ii) of Theorem 3.2 is complete.

5 Symmetric multilinear forms: examples and proofs

In this section we first give numerical examples for Theorem 3.3. Monte Carlo studies to
determine the necessary sample sizes for the asymptotic approximation of the Malkovich-
Afifi statistics are also given. The rest of this section is devoted to the proof of Theorem
3.3.
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5.1 Examples: the maxima of symmetric 3- and 4-linear forms

Consider the statistics Tj, k = 3,4, with g = 2. Thend=¢—1=1and p/ = (q+:_1) =
k+1=4,5. The approximate tail probabilities are given by

P(Ty > ) ~ VkGo(a?) = VEe ™72, (5.1)

In Figure 5.1, the approximate tail probability for T3, the estimated tail probability by a
Monte Carlo simulation with 100000 replications, as well as the upper and lower bounds

QL(7) = V3Qaa(a?,4/7), Qu(r) = Qp(z) + (1 —0.742) G4(72%/4),

are plotted.
Moreover, we examine the convergence speed of the Malkovich-Afifi statistics. Let

x1,...,%, be n iid. samples from the two-dimensional normal distribution N (0, I5), and
let ! I\ k
. 1 " (e —
By = max | /M Zim W'z — W) — 364, k=34,
uF#0 (w'Xu)k/2

A

be the Malkovich-Afifi statistics, where i = (1/n) >0 x;, X = (1/n) X0 (v — i) (2 — ).
We estimate the type I error rates P(By > ¢k ) by Monte Carlo simulations with 50000
replications, where ¢, is the approximate 100a% critical point of \/k!/n T, based on

(5.1). The results are summarized in Table 5.1. The last row labeled “s.e.” indicates the
standard error \/a(l — a)/50000. We see from this table that:

(i) The formulas (5.1) give fairly precise critical points for the limiting distributions T,
k = 3,4 even when a = 0.25 (see the rows n = 00).

(ii) The convergence of By is faster than that of By. Suppose that about 20% inflation
or deflation of the type I error are acceptable. Then the required sample sizes n for
By are n ~ 50 (a > 0.025), n ~ 200 (a = 0.01), whereas for B, n ~ 100 or 500
(o > 0.05), n ~ 5000 (« = 0.025, 0.01).

5.2 Proof of Theorem 3.3

We give here a proof of Theorem 3.3. The construction of this subsection is the same as
for Section 4.2.

5.2.1 Volume element and second fundamental form

First of all, we introduce a local coordinate system for the sake of convenience of cal-
culation. Let t = (¢1,...,%,—1)" be a local coordinate system of S?~' so that h € S7!
has a representation h = h(t). Then u = eh ® --- @ h € My, € € {1, -1}, has a local
representation u = ¢(t) where

o(t) =€h(t) ®@--- @ h(t).
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Taking a derivative of ¢(t) with respect to t;, we have

dp u Oh
k. L RhR---Qh.
. eg h® ®h®5ti® X ®

=1 -1 k-1
The tangent space T, (M;) at u = o(t) is spanned by

Op o |
{a_tl €ER ’Z:L...,d}.
The tangent space T, (K}) of Kj is spanned by T, (My) and u. The (i, j)-th element of
the metric G = G(u) at u is given by

OpN\1 0 Oh~\'Oh _
((9_;02) a—z = k(a_tz) (9—153 = kgij, (5-2)
where Sher OB
Gij = (a—tz) 8_tj

is the (i, j)-th element of the metric G of S9! at h = h(t). Therefore we have G = kG,
and hence the volume element at u is

q—1 g1
du = |G)? [] dt; = k2V|G)= [] dt..

=1 =1

Lemma 5.1 The volume element of My at u=eh® ---® h is given by
—_———

k
du = k%@—l)dsq—l, where dST1 denotes the volume element of ST™' at h.

When k is even, M, consists of two disjoint sets M} = {h®@---®h | h € ST}
k
and —M;". The multiplicity of the map g : S9' — M, is 2, and hence Vol(M;) =
2Vol(M;F) = 2 x (1/2) [ge-1 du. On the other hand when & is odd, M;} = M, and the
multiplicity of the map gx is 1. Therefore the following holds in each case.

Corollary 5.1 The total volume of My is

Vol(My) = k3D /S dsTi=piag,

By similar consideration, we get the following.

Lemma 5.2 The Fuler characteristic of the index set is

~ _ 2 ifqis odd
X(My) = x(5%7) {0 if q is even.
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Let H be a ¢ x (¢ — 1) matrix such that (h, H) is ¢ x ¢ orthogonal. Using H, any
vector v € RP orthogonal to u = ¢(t) can be written as

v = (H3h® - ®h)er+(h@HRQh® - Qh) e

k—1 k—2
++(h® - @h®H)e
N ————’
k—1
+(HIHRh® ---@h)eps+ (HRIhQHRh®---® h)es
k—2 k—3
++(h® - QhQH® H)ep_14
N ————’
k—2
+(HOQHQHQh® - ®@h)ejas + -
k—3

k

where e;,..;, (1< <---<i <k)isa (¢g—1)" x 1 column vector.
Suppose that v € T,(Kj)*. Then it follows that

Since the ¢ x (¢ — 1) matrix
oh  (0h oh
is of rank ¢ — 1 and its columns are orthogonal to h, it holds that 35, e; = 0. Since the
linear subspace spanned by v in (5.3) with 3, ¢; = 0 is of dimension ¢* —¢=p—d —1,
it coincides with T, (Kj)*.
Now taking a second derivative we have

o _ efjh@@ Ohe2 ohe. .ok
atlat] B =1 T atlat] T
oh oh
+e Y h® - -Qh®@—Q®h® - Qh®@--Qh®---Qh
e O e e
oh oh
+e > h® Qh®—Rh® QLR Rh®---Qh.
1<i<m<k -1 at m—l—1 at k—m

Then for v in (5.3) with F ¢, =0

e oh . oh oh . 0Oh
oot _€1<l;<k (H%@)Hat Hat®Hat)
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For | < m let Ej, be the (¢ —1) X (¢ — 1) matrix defined by vec(F},) = e;,. There exists
a (¢ —1) x (¢ — 1) nonsingular matrix F' such that

Oh
Fri HF.

It follows that v'(9%¢/0t;0t;) is the (i, j)-th element of

eF{ Y (Bum+E,) }F

1<l<m<k

On the other hand, as we have seen in (5.2), the metric G' of Mj, can be written as
k F'F. Therefore we have the following lemma.

Lemma 5.3 In an appropriate coordinate system, the second fundamental form of My, at
u with respect to the direction v in (5.3) with S e; = 0 is written as

Hu,v)=—~ S (B + E),). (5.4)

k 1<l<m<k
5.2.2 Derivation of the coefficient wy. 1 .

Now let us proceed to the evaluation of the integral

tr, H (u, v) dv. 5.5
Jo iy EEeH 0 0) o )

As in Section 4.2 we calculate this integral by taking an expectation.
Let Ry be a k x (k — 1) matrix such that

R;Rk = ]k—l and 12Rk = 0,

where 1 is a k X 1 vector consisting of 1’s. Then the ¢ x 1 vectors ey, ..., e, satisfying
Zle e; = 0 can be reparameterized as

(61, .. .,6k) = (él, .. .,ék_l)R;g,

where €; is (¢ — 1) x 1. Using this parameterization, the squared norm of v defined in
(5.3) with F , ¢; = 0 can be written as

ol =" > llal*+ > legl®+ > lleal®+ -+ lewrl?,

1<i<k—1 1<i<j<k 1<i<j<I<k

which means that elements of the vectors

éi, €ij (Z < ]), €5l (Z <] < l), o, E19.k (56)
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form an orthonormal basis of T, (K})*. Now suppose that every element of these vectors
(5.6) is an independent random variable distributed as N(0,1) and take the expectation
Eltr.H (u,v)] with respect to v. Then the integral (5.5) can be evaluated as

Qp—d—l

treH (u,v) dv = ————= - Etr.H(u,v)].

/Tuuek)msw El(Xp-a1)"]

Rewrite H(u,v) in (5.4) as

H(u,v) = wc&,

where
€

/
Cy = 1§l§1§k(Elm +E; ).
We have assumed that each component of Ej,, (I < m) is independently distributed as
N(0,1). C4 = (¢;5) is a d x d symmetric random matrix whose diagonal element ¢;;
and upper off-diagonal element ¢;; (i < j) are distributed independently as N (0, 1) and
N(0,1/2), respectively.
Consider
Eltr.H]= > Eldet H[A].

Ac{1,...,d}

card(A)=e
For e odd E[tr.H] = 0 holds because any central moment of odd degrees is 0. Now
suppose that e is even. Since H[A] is equivalent in distribution to /2(k —1)/kC., we

have

d Q(k — 1) e/2
E[tr.H] = @{T} E[det C.). (5.7)
Here for C, = (¢;;)
E[det OE] = Z Sgn(ﬂ')E[Clw(l)ng(g) cee Cm(e)]. (5.8)
TI'ESe

The expectation of the right hand side of (5.8) above does not vanish if and only if 7 (i) # 4

e/2

and 7(7(¢)) = i for any 4. In this case sgn(r) = (—1)¢?, and non-vanishing terms of the

right hand side of (5.8) can be written uniquely in the form

(_1)3/2E[C2 02 . .02 ]

’iliQ ’i3’i4 ’ie—lie
with i1 <iz3 < -+ < o1, 11 <i2,...,%_1 < 2. Counting the number of ways of forming
e/2 pairings from {1,2,..., ¢}

{(i1,12), (i3, 74), - oy (e, Be) |11 <3 < o0 <le—q, G < loy...,le1 <},

we have for e even that

el

E[det C,] = (_1)8/2 2¢/2(¢ /2)]

(1/2)¢/2.
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Hence from (5.7)
Eltr.H] = ( -

k — 1)6/2 d!
2k (d—e)!(e/2)!"
Now it remains to evaluate the integral

/~ {/ ) troH (u, v) dv} du.
M, Ty (Ky)Ltnsp—1

As in the case of a multilinear form in Section 4, the integrand does not depend on wu,
and the integration with respect to du over M} reduces to multiplying by a constant
iz, du = Vol(My) obtained in Corollary 5.1. Then the coefficient in (3.7) is given by

1
Qd—i—l—er—d—l—Hi
Vol(My) T(3(d+1—e¢))

Qar1 292T(5(d+ 1))

Qp—d—l
El(xp-4-1)"]

EltreH (u,v)).

W1 —e . Vol(]\7[k) . EltreH (u,v)]

The proof of (i) of Theorem 3.3 is complete.

5.2.3 Critical radius

We obtain here the critical radius 6, of the manifold Mj, in (3.20) by virtue of Lemma
3.1.

Fix a point v = €h ® --- @ h € My, with h € S9!, e € {1,—1}. Let H bea g x (¢—1)
matrix such that (h, H) is ¢ x ¢ orthogonal. Let K, = Ueso cM, be the cone associated
with Mk. Then the tangent space Tv(f(k) at v is spanned by v = eh ® --- ® h and the

column spaces of
k

B=¢Y h®@ - QhQHQh®---Qh.
=1 -1 k—1

The orthogonal projection matrix onto T,(K}) is easily shown to be
1
P, =v+ EBB'.
Let = ¢h® -~ ®h € My, h € S77', € = #1. Then v = (é&)(W'h)*, B'o =
(ée)k(h'h)*1H'h, and
1
P = (0'v)*+ E(B’f))’(B’f))
= (W'h)** + k(Wh)**Yh'HH'D
k(R'h)2 k=D — (& — 1)(R'h)?*.
Put = I'h. Then by Lemma 3.1 we have

1—-9P,o 1 — kg2(k—1) — a2t 9k —1
C()t2 06 = Sup # — Sup kx +k(k )x — (k: )
B,0€ My, (1-7v)* —1<a<a (1 — k)2 k

The last equality follows from Lemma 4.5. The proof of (ii) of Theorem 3.3 is complete.
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Appendix

A.1 Proof of Theorem 2.1

Let Hy(z) = e*"/?(—d/dxz)*e**/? be the Hermite polynomial of degree k. The generating
function is given by

Let (y, z) be distributed as the two-dimensional normal distribution with zero mean and
covariance structure E[y?] = E[z%] = 1, E[yz] = p. We claim that

E[H;(y) Hy(2)] = 65 k! p". (A1)

Indeed (A.1) is proved by comparing the coefficients of s7t* of the identity:

00 oosgtk
33 Sl ) H)]

8—52 2—2 S = (St)k
= Elesv=*"/2¢! t/2]:etp:k§_:0—k! o".

From the i.i.d. sequence x, ..., x, € R, define an empirical field in C(S97!) by
. En:H (u'z;)
= — u'z;).
\/ﬁ i=1 ;

Then (A.1) implies immediately that the finite dimensional distributions of Z(-) converge
to the corresponding finite dimensional distributions of Zj(-). Moreover we can prove
the convergence in distribution in the sense of C'(S? 1) by applying Corollary 7.17 of
Araujo and Giné (1980) as in Theorem 2.1 of Baringhaus and Henze (1991).
Thus, to complete the proof, it is sufficient to show that
sup |vnKg(u)/(u'Su)*? — Zi(u)| = 0,(1).
uesSa—1

Since Z(u) = O,(1) and (v/Xu)~*?% = 1 + 0,(1) uniformly in u, we only have to show
that

sup | vnKg(u) — Z(u)| = op(1).

ueSa—1
We will prove this by using the generating function again.
Note first that
)—t2/2
Z etz =t/ Z 7 Zk
k>0
The left hand side of the above expression is rewritten as

n k

\/ﬁe_tzﬂ(l/n) Z etw'zi) — \/ﬁexp <(u//l)t + (u'f]u —1 152 + Z /{Z'Kk )) (AQ)

i=1 k>3
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with i = (1/n) X", 2; and ¥ = (1/n) X0, (x; — ) (@; — 1), because (1/n) 0, et®'#) ig
the empirical moment generating function of u'z;, i = 1,... ,n. By expanding (A.2) and
comparing the coefficients of t*, we see that

where Ry (u) is a finite summation of the products of at least two of u/ji, v’ Su—1, or
K;(u), 3 < j < k. (The relation (A.3) is just a well-known relation between moments
and cumulants.) Noting that Zg(u) = O,(1) and v/ = O,(n~"?), u/Su = 1 + O,(n~"/?)
uniformly in u, we can prove by mathematical induction that Kj(u) = O,(n~"/?) and
Zi(u) — /nKy(u) = O,(n~"/?) uniformly in u. The proof is complete.

A.2 Critical radius and local radius of curvature

Here we investigate the relation between the global critical radius and the local radius
of curvature. In Section 3.1 we considered the tube of M C SP~! with respect to the
geodesic distance of SP~!. For clarity and completeness of argument we first consider the
tube in RP with respect to the ordinary Fuclidean distance. It will be shown that geodesic
curvature of M is closely related to the curvature of the cone K = .o cM.

Let N be a compact C%-submanifold without boundary of dimension d in RP. The
tube around N with radius p is defined as

Ny ={y | lly —ynll < p}, (A.4)

where yy is the projection of y onto N. As in Section 3.1 for x € N we define
Cp(z) ={z+y |y e T(N)", [lyll < p}

where T,(N)* denotes the orthogonal complement of the tangent space of N at z. Then
N, = Uzen Cp(z). It is said that N, does not have self-overlap if C,(z), x € N, are
disjoint. The critical radius p. of N is defined as

pe = sup{p | N, does not have self-overlap}.

Note that if N C SP~! then N, N SP~! is a tube of N with respect to the geodesic
distance of SP~!. The problem is that N, may have self-overlap in R? even if N, N SP~*
does not have self-overlap in SP~!. For this reason we make distinction between tube with
respect to Euclidean distance and tube with respect to the geodesic distance on SP~.

The following lemma (Proposition 4.1 of Johansen and Johnstone (1990)) holds for
the case dim N = d > 1. We omit the proof for the same reason as given for Lemma 3.1.

Lemma A.1 The critical radius p. of N is given by

: |l =yl
pC = lnf 9 (A.5
e 2P (- )] )

where PyL 1s the orthogonal projection onto the orthogonal complement of the tangent space

T,(N) of N at y.
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Here we discuss the property of

2|2y (z — )|
[ = yll?

hz,y) = (A.6)
appearing in (A.5). Since P, is continuous in y, h(x,y) is continuous on {(z,y) € N x N |
x # y}. Then we investigate the behavior of h(x,y) as ||z — y|| — 0. Since we are
considering local property of N we can take d-dimensional local coordinates t = (¢!, ..., t%)
and express x, y in terms of £. For the sake of convenience we use the Einstein convention

of indices.
Write y = ¢(t) and = ¢(t + dt). Then

lz = yll = llo(¢t + dt) — d(t)||* = giydt'dt? + o(||dt||*),

where o1 06
(aﬂ)@ iji=1,...,d,

are the elements of the first fundamental form at y = ¢(¢). On the other hand
0] 1 0

1 _ _ L iy =
P (o(t+dt) — ¢(t)) P, atldt 2P YR

gij =

dtidti + o(||dt||?)

19520)
—pl j 2
2Py 6t10tﬂdt dt) + + o(]|dt]|*)
and 24
2B, ((t + dt) = o(t)I| = || P} s dtdt? | + o dt]]).
Let 2¢
L j
W o =y i Mt

such that ||w*|| = 1. (If the right hand side is the zero vector, let w* = 0.) Then
2|55 ((t + dt) — 6(t))|| = Hyj(w?)dt'dt? + of|dt]*),

where

0%
! Co
Hij(w) = W Stion i,j=1,...,d.
Therefore we have H (0" »
5 (w*)dtidt
h _ i\w)ar at? 22,
(z,y) TR +o(||dt||?)

The d x d matrix with (i,j)-th element H?(w) = H,(w)g" is called the second funda-
mental form of N at y with respect to the direction w. The eigenvalues of the second
fundamental form are called the principal curvatures and their associated eigenvectors are
called principal directions. Note that w* depends on dt through the direction dt/||dt||.
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Fix dt. Then

Py Po
¥ At = —w* P ———dt'dt’
oot Yy Bripg
= max (—w'Plﬁdtidtj)

[[w]=1 Y otioti

max (— w' O dtidtj)
weTy(N)L, [w|=1 ottots

= max Hyj(w)dt'dt?.
weTy(N)LNnsr—1

Taking the maximum with respect to the direction dt/||dt|| we have

. Hz'j (w*)dtidtj
Hy;(w)dt'dt?

weT,(N)Lnse=1 ldt|=1  g;;dtidts
= ma. Amax(W)],
wETy(N)leSzn—1| ma(10)]
where [Apax(w)| denotes the principal curvature having the largest absolute value.

1/|Amax(w)| is the local radius of curvature at y with respect the direction tw.
Write

h(y,y) = limsup h(z,y)

Ty
so that h(x,y) is defined and finite for all (z,y) € N x N. By continuity of the radius of
curvature it is easy to see that as x,z — y

h(y,y) = limsup h(z, z).
T, z2—Y

Now by a simple compactness argument A attains a finite maximum over N x N. To
prove this let (z;,v;), ¢ = 1,2,..., be a sequence of points of N x N such that h(x;,y;) 1
h = sup, ey h(z,y). By compactness we can assume without loss of generality that
(i, ) — (20,y0). If o # yo then h(xg,yo) = h by continuity. If g = yo then h(xg, yo) =
W SUD (4 4 (g,50) (T Y) > Ty o B(2i, yi) = h. However obviously h(zg,yo) < h. This
proves that h attains a finite maximum over N x NN, and hence the critical radius p,. is
positive under our assumptions.

So far we have considered the tube with respect to the Euclidean distance. We proceed
to discuss the tube in the unit sphere SP~! with respect to the geodesic distance. h(u,v)
in (3.4) can be written as

VI—uPu 2Pt (u—)
h(u,v) = = :

1 —uv ||lu — vl|?

which is identical to h(z,y) in (A.6) with N replaced with K except that u is restricted
to M C SP~!. However as u — v, (u — v)/|lu — v|| becomes orthogonal to v. On the
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other hand since K is a cone, one of the principal directions of K at v is v itself and
the other principal directions are orthogonal to v. Therefore the calculation involving the
second fundamental form of M at v € M can be replaced with the calculation of second
fundamental form of K at v € K. In particular h(v,v) = limsup,_,, h(u,v) is similarly
defined and h(u,v) attains a finite maximum over M x M. This proves the claims of
Remark 3.1.

A.3 Proof of Lemmas 3.3, 3.5 and Theorem 3.1
Let z € RP be distributed as N(0, I,), and let r = ||zx||, s = |z — zk||. By (3.6)

P(z € Ky) = P(s<rtanb)

d
Z / / 6_(TQ+S2)/27"d_68p_d_2+6d7'd8

1
p/2
(27T) e=0 0<s<rtan6
></ [/ tro H (u, v) dv] du.
M Y JT, (K)Lnsp—1

By a simple change of variables we obtain

/ / 6—(r2+32)/27,d—esp—d—2+e dr ds
0<s<rtanf
d+1—e) p—d—1+e
r( ).

- B%(dﬂ—e)é(p—d_ue) (cos® ) - 27272 F( 5 2

Note that

/ treH (u,v) dv =0
Tu(K)Ltnsr—1

if e is odd, since tr.H (u, v) is an odd degree polynomial in the elements of v. This proves
Lemma 3.3.
Now we proceed to the proof of Theorem 3.1.

P(T>a)=P(T>a,z€ Ky,)+P(T >a,z¢ K,,).

We bound the second term on the right hand side from above. Note that the projection
zi always exists and we can write

Z=r K + s K
lzeell Iz = 2kl
and z € Ky, if and only if
s < rtand..

Since r = max (7T, 0), we have for z ¢ Ky, and T" > 0

|2]]* = r* + 5% > r*(1 + tan® 0.) > T*(1 + tan*6,).
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Therefore for a > 0

P(T>a,z¢ Ky,) < P(||ZH2 > a2(1 + tan? 0.), z ¢ Ka,)
= Gp(a*(1+tan®0,)) P(z ¢ Kp,)

and
P(T >a) < P(T >a,z € Ky,) + Gpla®(1 +tan®6.)) P(z ¢ Kp,).

Furthermore
P(T>a)>P(T>a,z € Ky,).

Therefore it remains to show that P(T" > a,z € Kj,) for a > 0 can be written as Qr(a)
of (3.11). Now

1 d
P(T>a,z€ Ky,) = ) > / / (7457 2pd=e gpd=2te g g g
e=0

a<r<oo
0<s<rtanf.

e:even

></ [/ tr H (u, v) dv] du.
M YT, (K)+tnsp-1

Integrating the right hand side with respect to s first we see that P(T' > a,z € Ky,) =
Qr(a). This proves the theorem.

Finally we prove Lemma 3.5. Consider a tube M, in R? around M with respect to
the Euclidean distance as defined in (A.4). Then the p-dimensional volume Vol(M),) is
a polynomial in p of degree p unless M, has self-overlap. Moreover the Gauss-Bonnet
theorem states that the coefficient of Vol(M),) of the highest degree p is w, x(M), where
w, = ,/p is the volume of the unit ball in R (e.g., Theorem 5.9 of Gray (1990)). On
the other hand, using the coordinate system (r,u, s, v), the volume of M, is evaluated as

Vol(M,) = / dz

r—1)24s2<p?,s>0

d
S / / ,r,d—esp—d—2+ed7,ds./ [/ tro H (u, v) dv} du
M w(K)+tnsr—1

d
= 2wy, pf Z Was1—e + (terms of lower degrees in p).

e=0

The proof is complete.

A.4 Recurrence formula for n; of Definition 3.1

ng(dy, . ..,dg;m) of Definition 3.1 can be easily calculated by the recurrence formula
in Lemma A.2. Since ng(dy,...,dg;m) is symmetric in dy,...,d;, we can restrict our
attention to the case when d; > --- > dj.
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Lemma A.2 Fork >2, di>--->dy >0, and m > 0, it holds

nk(dl, P ,dk;m)

1 if m=20,
0 ifm >0, d,=0, k=2,
. nk_l(dl,...,dk_l;m) me>0, dr =0, ng,

nk(dl - 1>d27“‘7dk;m)
+Z§:2djnk (dl — 1,d2,...,dj_1,dj — l,dj+1,...,dk;m— 1)
otherwise.

Here in the last expression the arguments of ny should be reordered so that di > dy >
<o- > dy > 0 (if necessary). For example, if dy > di — 1 > ds, ng(dy — 1,ds, ..., dy;m)
should be replaced with ng(ds,d; — 1,ds, ..., dg;m).

Proof. Consider the first element ‘1’ of A; = {1,...,d;}. Among the ny(dy, ..., dx;m)
possible m pairings, there are ny(dy — 1,ds, . .., dx; m) ways where ‘1’ does not appear in
the m pairings; while there are

dj Xnk(dl—1,d2,...,dj_1,dj—1,dj+1,...,dk;m—1)

ways where ‘1’ makes a pairing with one element of A;. Then the last equation of the
recurrence formula follows when m > 1 and dj, > 1. The other three equations are obvious
boundary conditions for the recursion. ]

A.5 Proof of (3.18)

In order to prove (3.18) we use the following.

Lemma A.3 For a real number a such that a # 0,—1,—2,... and a non-negative integer
n=20,1,2,..., define
n I'(§+Fk)(n
]n — -1 n—k 2k 2
=50 ()
and (e kD)
" stk+1)(n
Joa) = (—1)nroh 22— ().
(a) kz:%( ) T(a+k+1) (k)
Then @ ifni
cn(a) if nois even
I(a) =4 " AT
(e) {O if n 1s odd (A7)
and e (@) o
_ J5cala if nis even
Inla) = { s Cnri(a) if nois odd, (A-8)
where r n+l T n+a T n+1
e(a) = 27 ()P ! (Zlﬂ '
Vrl(n4a) 2071025



Proof. We use induction on n. The claims (A.7) and (A.8) are easily checked for
n = 0,1. Assume that they are true for n — 1 and n.
Making use of the identity (”“) = (") + ( " ), we have

k k—1
n+1 F(Q i k) n o
I, _ _1)nHl-k ok 27{ }
+1(CL) kZ:o( ) F(a—i—k) 1 + b1
0 if n is even
- {Cn+1(a) if n is odd. (A.9)
Similarly we have
F(g +k+2)(n
o) = =nt0)+2 502 pE S ()
Noting that
PE+E+2) (n) _ T +F) {a—i—Q n\ L n—1 }
Pla+k+2)\k) T(a+2)+k | 2 \k L1
we have
Josi(a) = —Ju(a) + (a+2) L(a+2) +4n Joy(a + 2)
[ 3¢cny2(a) if nis even
B { L epy1(a) if nis odd. (A.10)
(A.9) and (A.10) imply that (A.7) and (A.8) hold for n > 2. The proof is complete. 1

The relation (3.18) is equivalent to (A.7) withn =¢—1, k =¢—1—j,and a = v—qg+1.

A.6 Proof of Lemma 4.5

Let f(z) = 1—k22:=1 4 (k—1)2%* and g(z) = (1—2*)? be the numerator and denominator
of the argument of the supremum in (4.15). When k = 2, f(z) = g(z) and the statement
holds trivially. Consider the case k£ > 3. We claim that

d (f (2)
dz\g(2)
In fact, simple calculation yields that

d f(z)y  2k(1—2F)F1
@(9(2)) B '

)>0 for 0 <z < 1. (A.11)

where

h(z) = 1— (k=124 (k—1)2" = 222
= (1- 22){1 + 224+ (22)’“_2 — (k- 1)zk_2}.
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By the convexity of the map ¢ — (2?)¢, we have

014+ (k—2)

2, . 2\k—2
L+ 224+ (29) > (22) = _ \z|k_2,

kE—1

and the equality holds if and only if |z| = 1. Therefore h(z) > 0 for |z| < 1, which implies
(A.11). Therefore we have the supremum in (4.15) as

fE) oy fB) o dmf) 20— 1)

0<z<1 g(2) =11 g(z) =11 d%g(z) k
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Table 5.1. Estimation of P(Bk > Cha)-

(Monte Carlo simulations with 50000 replications.)

k n a=02 a=0.10 a=0.05 a=0.025 a=0.01
3 10 0.0807 0.0212 0.0074 0.0021 0.0001
20 0.1444 0.0606 0.0330 0.0175 0.0094

50 0.1962 0.0848 0.0466 0.0268 0.0139

100 0.2156 0.0919 0.0498 0.0275 0.0134

200 0.2298 0.0956 0.0502 0.0278 0.0120

500 0.2342 0.0965 0.0496 0.0255 0.0105

1000 0.2369 0.0982 0.0497 0.0247 0.0104

2000 0.2400 0.0995 0.0500 0.0257 0.0105

5000 0.2417 0.0994 0.0506 0.0257 0.0104

10000 0.2411 0.0983 0.0492 0.0249 0.0096

00 0.2395 0.0993 0.0498 0.0256 0.0104

4 10 0.0100 0.0021 0.0006 0.0000 0.0000
20 0.0639 0.0394 0.0284 0.0208 0.0154

50 0.1139 0.0701 0.0540 0.0415 0.0301

100 0.1397 0.0841 0.0624 0.0474 0.0338

200 0.1689 0.0883 0.0626 0.0470 0.0319

500 0.2067 0.0906 0.0568 0.0401 0.0254

1000 0.2212 0.0971 0.0585 0.0355 0.0213

2000 0.2323 0.0963 0.0528 0.0320 0.0161

5000 0.2438 0.0968 0.0499 0.0282 0.0122

10000 0.2427 0.0975 0.0499 0.0270 0.0118

%) 0.2400 0.0996 0.0499 0.0246 0.0097

s.e. 0.0019 0.0013 0.0010 0.0007 0.0004
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Figure 3.1. Index set M, cone K, projection zx (left).
Tube My and associated cone Ky (right).
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The maximum of a bilinear form (3 x 3).
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Figure 5.1.  The maximum of a symmetric trilinear form (2 x 2 x 2).
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