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Abstract

For two-way ordered categorical data, correspondence analysis and the RC asso-
ciation model (the row-column-effect association model) with order-restricted scores
have been proposed mainly for descriptive purposes. In this paper, tests for inde-
pendence in two-way ordered contingency tables based on these models are devel-
oped in a general framework of inequality-restricted canonical correlation analysis.
The limiting null distributions are characterized as the maxima of Gaussian ran-
dom fields and asymptotic expansions of their tail probabilities are derived by the
tube method, an integral geometric approach. Some numerical techniques for fit-
ting order-restricted models are discussed. An example of data analysis is given to
demonstrate the practical usefulness of the proposed method.

AMS 2000 subject classifications: Primary 62H17; secondary 60D05, 62H10, 62H20.
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1 Correspondence analysis and the RC association
model in two-way ordered categorical data

The method of canonical correlation or correspondence analysis (CA) is one of the most
popular tools for analyzing two-way contingency tables. Suppose that an a x b table
{nij hi<i<a, 1<j<bs >ij Ny = n, is observed from a multinomial population with cell proba-
bilities {pi;}1<i<a,1<j<b, Pij > 0, 24 pij = 1. The correspondence analysis in its simplest
form fits the empirical frequency p;; = n;;/n to the model

pij = DD (1 + dpv;) (1.1)
with the side conditions
i Diphi = 225 pgv5 = 0, S pipi =X psv = 1. (1.2)

The weighted least square method is usually used for fitting with the weights defined by
the covariance structure under the independence model p;; = p;.p.; (i-e., ¢ = 0). Here the
dot “” as a subscript means summation with respect to the corresponding subscript.

This method has the advantage that if the row and/or column variables are ordinal
then the scores p; and v; are expected to reflect the levels of the i¢th row and the jth
column, respectively.

The multiplicative model for the same purpose is the RC association model (the row-
column-effect association model, RC model) proposed by Goodman [14], [15], [16]:

log pij = i + B + ppav;. (1.3)

To ensure identifiability, the same side conditions (1.2) are imposed. The RC association
model can be regarded as a natural extension of the model by Johnson and Graybill
[21] for two-way ANOVA in two-way categorical data analysis. In the RC association
model the maximum likelihood method is usually used to estimate parameters. Numerical
algorithms for maximizing likelihood are well developed (e.g., Goodman [16], Becker [3]).

In this paper we focus on the analysis of two-way contingency tables where the row
and/or the column variables are ordinal. To analyze such ordered categorical data, we
use the correspondence analysis or the RC association model with the order restrictions

of scores
¢ >0, pr < s < g, v < <, (1.4)

when both row and column variables are ordinal, or
¢207 Vlg"'gyba (15>

when only column variables are ordinal. Note that, in the former case, reversing the order
of either row or column categories gives a negatively correlated model.



Intuitively these order restrictions seem natural, because if the scores 1, v; reflect the
actual levels of ordinal variables then the inequalities in (1.4) or (1.5) will be satisfied
exactly. Another rationale is that under the model (1.1) with order restrictions in the
column scores, v; < --- < 14, a stochastic order exists between the two conditional
probabilities {p;j; = pi;/pi. }1<j<p and {pjji = pir; /Dir. }1<j<p for any ¢ # ¢’ in the sense that

l l
Spie > S, 1<VI<b—1. (1.6)
j=1 <) =

Similarly under the RC association model (1.3), the conditional probability satisfies the
relation that, for any i # ¢/,

Pjlir < Pj+1)i

DPjli (Z) Pj+1yi

which is a partial ordering in the sense of monotone likelihood ratio. In other words, by
imposing the order restrictions the models (1.1) and (1.3) give simple models that embody
the partial orders (1.6) and (1.7), respectively (also see Gilula and Ritov [13]).

For the above reasons, models with the order restrictions (1.4) or (1.5) have been
proposed by many authors. See, for example, Nishisato and Arri [26], Tanaka [36], Saito
and Otsu [30], and Ritov and Gilula [29] in the context of the correspondence analysis,
and Goodman [16] and Ritov and Gilula [28] in the context of the RC association model.
Douglas and Fienberg [8], and Etzioni, et al. [10] give excellent surveys of the relevant
area.

However, almost all of these studies have treated fitting the model for descriptive
purposes. From the viewpoint of statistical inference, there are at least two statistical
problems of primary interest: one is testing the null hypothesis H : ¢ = 0 that the row
and column variables are independent, and the other is assessing the goodness of fit of
the order restrictions when ¢ # 0. For the latter problem, Ritov and Gilula [28] gave a
clear answer. They derived the limiting null distribution of the likelihood ratio criterion
for testing goodness of fit as a mixture of x? distributions in the RC association model.
In this paper we will tackle the former problem.

According to the method of correspondence analysis, when there are natural orderings
in both row and column categories, the estimator of ¢ is given by

¢ = max{>; iy | XiPipi = X5 Dgv =0, X pipi =X pyvs =1,
< S iy i < <) (1)

If the order restriction was not imposed in the maximization (1.8), it is well known that
\/ﬁgg under the independence model H : ¢ = 0 converges in distribution to the square
root of the largest eigenvalue of an (a — 1) x (a — 1) Wishart random matrix with (b — 1)
degrees of freedom, W,_1(b —1,1,_1) (O'Neill [27], Eaton and Tyler [9]). Haberman [17]
proved that in the RC association model (1.3) the likelihood ratio criterion for testing
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H : ¢ = 0 has the same asymptotic distribution as the largest eigenvalue of the Wishart
matrix W,_1(b—1,1,_1) under the null hypothesis.

In contrast to these cases, the null distribution of ¢2 under the order restrictions was
completely unknown. Hirotsu [18] suggested the use ofé as a test statistic for testing
independence, but he pointed out difficulties in handling its distribution. In this paper we
first show that the asymptotic distribution of ¢ in (1.8) is characterized as a distribution
of the maximum of a certain Gaussian random field. Recently an integral-geometric
approach called the tube method has been developed for deriving the distribution of the
maxima of Gaussian random fields (Sun [33], Kuriki and Takemura [23], Takemura and
Kuriki [35]). With the help of the tube method, we derive an expression approximating the
upper tail probabilities of “inequality-restricted canonical correlations”, which includesgg
in (1.8) as a particular case.

Difficulties in the problem treated here come from a singularity in the models (1.1) or
(1.3), such that the scores y; and v; are not identifiable under the independence model
¢ = 0. For this reason our problem is crucially different from that of Das and Sen [7],
who proved asymptotic normality of the inequality-restricted canonical correlation when
the true canonical correlation is nonzero and maximizing scores (y;, v, in our case) are
identifiable.

The construction of the paper is as follows. In Section 2 we formulate the inequality-
restricted canonical correlation analysis or correspondence analysis, and consider a class
of distributions of the maxima of Gaussian random fields that appear as asymptotic
distributions of the inequality-restricted canonical correlations including ¢ in (1.8). The
limiting null distribution of the likelihood ratio criterion for testing H : ¢ = 0 in the
RC association model with the order restrictions is proved to be the same as that of
n max{¢,0}2 using the theory of Chernoff [5]. A formula for approximating their tail
probabilities is then given by the tube method. In Section 3 we give an example of data
analysis. Some techniques for fitting order-restricted models are proposed there. Proofs
of the main results are given in Section 4.

2 Tail probability of the inequality-restricted canon-

ical correlation

2.1 Imequality-restricted canonical correlation

In this subsection we give a precise definition of “inequality- (or order-) restricted canon-
ical correlation” and derive a canonical form of its asymptotic distribution.

Let (x4, y:) € RP x R1, t = 1,...,n, be a sequence of i.i.d. random vectors from a
population with finite cumulants up to the fourth order. The population and sample



covariance matrices are denoted by

E;y Eyy ’ E;y Yy

The population covariance matrix may be singular.
Let K C RP and L C RY be closed convex cones defined by a finite or infinite number
of linear inequality constrains. In this paper the maximum

™
&

<

V' w
€K, we - 8
VeSS W \/U’va\/w’zyyw

is called the (sample) inequality-restricted canonical correlation. Our definition is an
extension of that of Das and Sen [6], [7]. Note that the maximum j exists unless /3,0 =
0, Vv € K or w’iyyw =0, Yw € L. Obviously when K = R and L = R?, (2.1) is reduced
to the largest canonical correlation in the usual definition.

For the a x b contingency table, let ; € R* and y; € R’ be a pair of independent

p= (2.1)

random vectors consisting of zeros and ones such that
P(xt = (5ik)1§k§aa Y = (5jk)1gkgb) = Dij,
where 0 denotes the Kronecker delta. Let
K={peR" | u < < pa}, L={veRrR|v < --- <y}

Then p in (2.1) is reduced to ¢ in (1.8).

In this paper we consider the distribution of p in (2.1) in the null case 3,, = 0.
In the context of the contingency table, this is equivalent to the independence model
pij = pi.pj. Let Z%x be a p X p matrix satisfying Eéxﬂégc = Yo Let Zgy be defined
similarly. Define projection matrices by R, = ( éx)JfEéw, R, = ( éy)JrZéy, where “+”
denotes the Moore—Penrose generalized inverse. Then, by the assumption of the finiteness
of the fourth cumulants and the central limit theorem, it is easy to show that

1. 1
Zn = V(Se) Sy (S)
converges in distribution to R,ZR, as n goes to infinity, where Z = (z:j) € RP*9is a
p X g random matrix such that each component z;; is an independent random variable
distributed according to the standard normal distribution N(0,1). The set of p x ¢ real
matrices is denoted by RP*9.

Put .
V'Y W
T, =+/n max il .
n veK, weL /U’ZMU /wlzyyw
Then

T, T,

_ - < Vnp < - = )
\/)‘max (Zxac Z;ra;))\max (Eyy Z;ry) \//\min (Za}ac Z;rx))\mm (Zyy E;ry)




where A\pax(+) and Apin(+) are the maximum and nonzero minimum eigenvalues. Because
/\max(f]mZ;;), )\min(f]mZ;;), )\max(iyyZJy), and )\min(f]yyZ;y) converge to one in proba-
bility, v/np has the same limiting distribution as 7,, if that distribution exists.

T,, can be rewritten as

T, = max v Z,w,
veEP, weQ

where
1 1 1 -1
P={sivljveKjns, Q={Sfw|weL}ns, (2.2)
with S%7! the (d — 1)-dimensional unit sphere in R?. By continuity of the map
X (e RP*9) +— max v'Xw (€ R),

veEP, weQ

T, is shown to converge in distribution to

T= max v'(R.ZR)w= max v'Zw, (2.3)

veP, weQ veP, weQ
where Z = (z;;) € RP*?, z;; ~ N(0,1) is i.i.d. Now we have proved the following theorem.

Theorem 2.1 Assume that (x;,y;) € RPX R, t =1,...,n, is a sequence of i.i.d. random
vectors from a population with finite fourth cumulants. Assume that x; and y; are uncor-
related. Then /n times the inequality-restricted canonical correlation, \/np, converges in
distribution to T in (2.8) with P, Q defined in (2.2) as n goes to infinity.

Asymptotic distributions of the order-restricted canonical correlations for two-way
tables are summarized as follows.

Corollary 2.1 (If both row and column variables are ordinal.)

Let ¢ in (1.8) be the order-restricted canonical correlation with order restrictions in both
the row and column scores. Then under the independence model p;; = p;.p.;, \/ﬁ$ has the
limiting distribution T in (2.3) with

P = {(vi,...,0) €S| X /pivi =0, v1/y/pr. < -+ < Va/\/Da}s (2.4)
Q = {(wy,...,wp) € "X, /pjw; =0, wi/\/p1 < -+ <wyp//pe}. (2.5)

Corollary 2.2 (If only the column variables are ordinal.)

Let ngS be the order-restricted canonical correlation with order restrictions in the column
scores, v1 < -+ < 1. Then under the independence model p;; = p;.p.;, \/ﬁgg has the
limiting distribution T in (2.3) with

P={(vi,...,v.) € S| %, VPivi = 0},

and @ being given in (2.5).



The following theorem shows that these distributions arise as the limiting null distri-
butions of the likelihood ratio criteria for testing independence. We will prove this by
virtue of the theory of Chernoff [5], who discussed the asymptotic distribution of the like-
lihood ratio test statistic when the true parameter is on the boundary of the hypothesis
parameter space (also see Self and Liang [31]). A proof is given in Section 4.

Theorem 2.2 Assume that an axb table {n;;} is a sample from the multinomial ((axb)-
nominal) distribution under the RC model (1.83) with the order restrictions (1.4) in both
the row and the column scores. Then the likelihood ratio criterion ((—2)x the mazimum
of the log likelihood ratio) for testing the hypothesis of independence H : ¢ = 0 converges
in distribution to max{T,0}* with T given in Corollary 2.1.

The likelthood ratio criterion for testing the hypothesis of independence H : ¢ = 0
under the order restrictions (1.5) in column scores converges in distribution to T? with T
given in Corollary 2.2.

The remainder of this section is devoted to deriving the distribution of

T= max vZw= max tr((vw')'Z), (2.6)
veEP, weR veP, weQ

where Z = (z;;) € RP*?, z;; ~ N(0,1) is i.i.d., and P and @) are arbitrary closed spherical
convex regions, i.e., the intersection of the unit sphere and a closed convex cone. As we
have seen above, this is a canonical form of the asymptotic distribution of the inequality-
restricted canonical correlation. Note that {v'Zw | (v,w) € P x @} is a Gaussian random
field of zero mean and unit variance with the index set P x (), and that 7" is the maximum
of this random field.

2.2 The tube method

Put
Po@Q={vewe R |ve P, weQ},

where “®” denotes the Kronecker product. Then P ® () is a subset of the unit sphere
SPa~1in RPY. T in (2.6) can be rewritten as

T = max u'z, (2.7)
uePRQ
where
z=vec(Z) = (211, 212, - - -+ Zpg)’

is the lexicographically arranged vector of Z. For a given compact subset M C S* !
consider the maximum

n
max u'z, u'z = ; Uiz, (2.8)



where z = (21,...,2,) ~ N,(0,1,) is a Gaussian random vector. In (2.7), n = pq and
M = P ® Q. Note that {u'z | u € M} is a canonical form of the Gaussian random field
of zero mean and unit variance having a finite Karhunen-Loeve expansion.

It is in general difficult to derive the distribution of the maximum (2.8). However,
recently it has been recognized that under mild regularity conditions the asymptotic ex-
pansion of the upper tail probability P(max,cy v’z > x) as x goes to infinity is expressed
as a linear combination of upper probabilities of the x? distributions with coefficients
characterized by some geometric quantities of the index set M. This theory is called
the tube method, originating from Hotelling [19], Weyl [37], and developed by Sun [33],
Takemura and Kuriki [34], [35], and Kuriki and Takemura [22], [23]. In the following we
give a brief summary of the tube method.

Define a geodesic distance between two points on the unit sphere S"~! by the length
of the great circle joining the two points:

dist(u,v) = cos ' (u'v), wu,ve S" .

The subset of S"~! consisting of points with distances from M C S™! less than or equal
to 0,
— n—1 : -1/, <
M, {UES ‘B%lﬁcos (uv)_G},

is called the tube around M with radius 6.
We make assumptions on M:

Assumption 2.1 M is an m-dimensional manifold with boundaries. M is divided dis-
jointly as M = U, M, where My is finite union of d-dimensional C'*-open manifold.

Assumption 2.2 At each point u € OMy C M, M has an (n — d)-dimensional tangent
cone (support cone) S, (M). S,(M) is conver.

For the definition of the tangent cone, see page 771 of Takemura and Kuriki [35].

The spherical projection point of v € My onto M, i.e., the point that attains the
minimum min,e s dist(u, v), is denoted by vy,. Although the projection point vy, is not
necessarily determined uniquely, it is expected that for a sufficiently small § > 0 each
v € My has the unique projection vy;. The supremum 6. of such 6 is called the critical
radius of M. It can be proved that the assumptions of compactness and local convexity
of M (Assumptions 2.1 and 2.2) ensure the positiveness of 6. . can be evaluated by the
following theorem, which is an extension of Proposition 4.3 of Johansen and Johnstone

120].

Theorem 2.3 (Takemura and Kuriki [35], Lemma 2.1.)
Let
Ny (M) = S,(M)* Nspan{v}+, (2.9)

where
So(M) ={z e R"|2'y<0,Vy e S,(M)}
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is the dual cone of S,(M) in R"™, span{v} is the orthogonal complement space in R™ of
the linear subspace spanned by v. Then

(2.10)

f |u — v||? _ Jtanf., iff. <m/2,
uweM 2|| P(u — v | Ny(M))|| | oo, if 0. > 7/2,

where P(- | Ny(M)) is the orthogonal projector in R™ onto N,(M).

The (n — 1)-dimensional spherical volume of My is denoted by Vol(Mp). Theorem
2.4 below gives a formula for the volume of the tube Vol(My), which is essentially given
in Naiman [25], Theorem 3.3, or Takemura and Kuriki [34], Theorem 2.4. To state the
theorem, we provide some notation.

Let t = (t',...,t%) be a local coordinate system of the manifold 9M, such that u €
OM, has a local representation u = ¢(t). The volume element of 0M,; at u is given by
du = y/det(g;;(u)) dt' - - - dt?, where g;;(u) = (0¢/0t') (0¢/0t) is the metric of IMy at w.
The second fundamental form of OM; at u with respect to the direction v is defined as
the d x d matrix H(u,v) with (i, j)th element

. d 0%¢ .
H! = — v’( A K ),
Z ,; atiotr Y
where ¢ is the (7, j)th element of the inverse matrix of (g;;). Note that the volume element
du and the eigenvalues of H (u,v) are independent of the choice of local coordinate system.

Let
27Tn/2

[(n/2)

be the volume of the unit sphere. Now we are ready to state the theorem.

Q, = Vol(S" ™) =

Theorem 2.4 Let N,(M) be defined as in (2.9). For each 0 < 6 < min(0.,7/2), the
volume of the tube My is evaluated as

m d Q
Vol(My) = n / d/ dv tr, H (u,
ol(Mp) ZZQd+1—an—d—l+k My N w(M)NSn=1 v bt (u, 0)

d=0 k=0
XB1(ar1-k), 3 (nmd-1+k) (cos®d),  (2.11)

where du is the volume element of OMy, dv is the volume element of N,(M) N S"~1,
H(u,v) is the second fundamental form of OMy at u with respect to the normal direction
v, tr; denotes the jth elementary symmetric function of eigenvalues, and me(-) 15 the
upper tail probability of the beta distribution with parameter (a,b). Let B%n,O =1.

Because z/||z|| is distributed uniformly on the unit sphere S*!. it holds by definition
that
_ /
Vol(My) /S, = P(gﬁ?}“ 2/ = cos&).
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Noting the independence of z/||z|| and ||z||, we have

P(l;nez}‘z(u'z > x) = P(zrgjm&cu'z/”z” > x/HzH) = E|:V01(Mcosfl($/”zH)):|/Qn, (2.12)
where we let cos™'(z/||z]]) = 0 if # > ||z]|. If the expression of the volume formula
Vol(Mp) in (2.11) were valid for all 6, the distribution of max,ey u'z could be obtained
by taking an expectation. That is, substituting cos® 6 := z?/||z||* into (2.11) and taking
an expectation with respect to ||z]|* ~ x2 according to the relation

E[By; 30y @/IAIP)] = Gy(a?),

where G;(+) is the upper probability of the x* distribution with j degrees of freedom.
The resulting formula is not exact because the formula (2.11) is valid only for small 6.
However, if z is large, then cos™ (z/||z||) in the right hand side of (2.12) is small, and this
formal method is expected to give an answer that is correct in some sense.

In fact, according to the arguments in Sun [33] and Theorem 3.1 of Kuriki and Take-
mura [23], the following result holds.

Theorem 2.5 As v — oo,

m d 1

du/ dvtryH (u, v
dz:;) kz:%) Qar1—k —d—14k /8Md W(M)NSn—1 eH (4, v)
X G agr1-1(2?) + O(Gp(2?(1 + tan?0.))), (2.13)

P(max u'z > x) =
ueM

where 0, = min (0., 7/2), and n' = dimlin(M) is the dimension of the linear hull of M.

Remark 2.1 [t should be noted that the accuracy of the asymptotic expansion depends
on 0.. Larger values of 0. give a more accurate asymptotic expansion. In particular, when
M is spherically convez, the critical radius is 6. > w/2 and hence the remainder term in
(2.13) becomes zero. In this case the expression gives an exact upper probability.

2.3 Volume of the tube and an approximation of the tail prob-
ability

Here we again consider the particular case of M = P ® (). We assume for a while that P
and () are spherical polyhedra, i.e., the intersections of polyhedral cones and unit spheres.

Let E be (the relative interior of) an (e — 1)-dimensional face of P. Let F be (the
relative interior of ) an (f — 1)-dimensional face of (). Then

E@F={v@oweR|veE, weF}

is an (e — 1)(f — 1)-dimensional C*-manifold, forming one of the connected components
of OMe—1y(s-1)- Let v and w be relative interior points of £ and F', respectively. Then
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v ® w is a relative interior point of £ ® F', and the tangent cone of P ® ) at v ® w is
given by
Svaw(P ® Q) = Su(P) @ {w} & {v} ® Su(Q),

where S,(P) C RP is the tangent cone of P at v, S, (@) C R? is the tangent cone of ) at
w, and “@” denotes the direct sum of vector spaces. Because both S,(P) and S, (Q) are
convex, so I8 Sygw (P ® ). We have seen that Assumptions 2.1 and 2.2 are fulfilled.

Therefore, the tail probability of the inequality-restricted canonical correlation can be
obtained by evaluating the volume of the tube around P ® Q C SP4~! and its critical
radius 0., at least when P and () are polyhedral. Indeed, we can reach results valid for
non-polyhedral P and @) by considering approximating sequences of spherical polyhedra.
The results are summarized as follows. The derivations are given in Section 4.

Theorem 2.6 Let P C SP~! and Q C S9! be spherical convex regions. Let Py be the
tube around P in SP~'. Assume that the (p — 1)-dimensional volume of the tube Py is
expressed in terms of the coefficients, w.(P), 1 < e <p, as

P
Vol(Pp) =, we(P)B%eé(p_e) (cos? ).
e=1

Let wi(Q), 1 < f < q, be coefficients defined similarly to w.(P). Then as x — oo, it
remains true that

P( max o' Zw > x)

vEP, weQ
p 2(min(e, f)—1) _ 3
= Zwe(P) wf(Q) Z Ce,f .k Ge+f_1_;€(x2) + O(Gn/(x2(1 + tan? QC))),
e=1 f=1 k=0, k:even
(2.14)
where
(e T DTG+ DTG+ 1=k

Vrl(e—k/2)T(f = k/2) (k/2)! ’

n' = dimlin(P) x dimlin(Q), and 6. is the critical radius of P ® Q. Here if both P and
Q are symmetric with respect to the origin, (i.e., if both P and Q) are the unit spheres
restricted to certain-dimensional linear subspaces) then multiply the right hand side of

(2.14) by 1/2.

Remark 2.2 [t is in general not easy to evaluate the coefficients w.(P) for arbitrarily
given P. However, when P is the spherical polyhedron defined in (2.4) of Corollary
2.1, then the w.(P)s are so-called level probabilities, explained below, and methods for
evaluating them numerically are known.

Consider a one-way ANOVA model z; ~ N(0;,1/n;), i = 1,...,k. Denote by 0; the
mazimum likelihood estimator of 0; under the simple order restriction 01 < --- < 0.
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The level probability P(l,k;nq,...,ng), 1 <1 < k, is defined to be the probability under
0y = -+ =0 that the MLEs 0;, i = 1,...,k, take exactly | distinct values. Then w.(P)
with P defined in (2.4) is equal to

Ple+1,a;p1,...,pa), 1<e<a-—1,

2.16
0, e =a. ( )

we(P) = {
The expressions of P(l,k;ny,...,ng) for k < 4 are given in Barlow, et al. [2], Section
3.3. For general k, Miwa, et al. [24] pointed out that P(l, k;ny,...,ng) can be evaluated
numerically using a successive integration technique. From a practical point of view there
is no difficulty in calculating the coefficients w.(P).

The following theorem gives the critical radius of P ® ). Define the (spherical) diam-
eter of P C SP~! by

¢ = ¢(P) = sup cos ' (u'v).

u, vEP

A proof of Theorem 2.7 is given in Section 4.

Theorem 2.7 Let P C SP~! and Q C ST be spherically convex subsets of the unit
spheres such that dim P > 1, dim @ > 1. If at least either ¢(P) < 7/2 or ¢(Q) < 7/2
holds, then the critical radius 0. of P ® Q is w/4. If ¢(P) > w/2 and ¢(Q) > 7/2, then

.1 |1 —=cosp(P)coso(Q)
0 = tan™ J 1+ cos ¢(P) cos p(Q)”

Corollary 2.3 The critical radius of P ® @ in Corollary 2.1 is w/4. The critical radius
of P® Q in Corollary 2.2 is /4.

Proof. The set P defined in (2.4) is the intersection of the unit sphere SP~! and the
convex cone generated by a — 1 edge vectors

; - ’
¢ = (__\/pl-" _\/pz- VPi+1, v/ Pa- ) L 1<i<a-—1,

ey

G G l1-—a Tl-g
with ¢; = >i_, pj.. Because (e;)'e; = 1/(¢;(1 — ¢;)) > 0 for i < j, it holds that u'v > 0
Vu,v € P. This is equivalent to ¢(P) < 7/2. ]

Now we have determined the volume of tube and the critical radius of P ® ). We
summarize below the results in three important cases.

Corollary 2.4 The tail probability P(T > x) of T defined in Corollary 2.1 is given as
(2.14) with w.(P) in (2.16),

w(Q) = {5(f+ Lbipas. . ps), }i}zj <b-1,

n'=(a—-1)(b—1), and 6. = 7/4.

(2.17)
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Corollary 2.5 The tail probability P(T > x) of T defined in Corollary 2.2 is given as
(2.14) with

1, e=a—1,
we(P):{O, 1<e<a-—-2 e=a,
we(Q) in (2.17), n' = (a—1)(b—1), and 0, = w/4.

Corollary 2.6 (Kuriki and Takemura [23], Corollary 4.2)
The tail probability of the square root of the largest eigenvalue of the Wishart matrix
Wy(q, 1) is given by

2 )

(min(p,q)—1
P( max V' Zw > x) = S gk Gpigo1-1(2?) + O(Gp(227))  (2.18)
k=0, k:even

veSP—1 weSa—1

N —

with the coefficient ¢, 1 given in (2.15).

A numerical study to check the accuracy of the proposed approximation method is
summarized in Figure 2.1. In both the left and the right figures, the approximate upper tail
probabilities of T = max,ep, weq v'Zw in (2.6) by Theorem 2.6 are plotted as solid lines.
The tail probabilities estimated by Monte Carlo simulations with 100,000 replications are
plotted by dashed lines. Upper and lower bounds of tail probabilities using the method
of Theorem 3.1 of Kuriki and Takemura [23] are plotted by dotted lines.

The left figure depicts the case where p = ¢ = 2,

P=Q={(cosf,sinf) |0<60<rw/3}, 6.=mr/4

This corresponds to a 3 x 3 table with p;. = 1/3, p.; = 1/3, with both row and column
categories ordinal.
The right figure depicts the case where p =5, ¢ = 2,

P=5"1 Q={(cosh,sinf) |0<0<7/3}, 0.=n/4

This corresponds to a 6 x 3 table with p;. = 1/6, p.; = 1/3, with only the column categories
ordinal.

In each case one can see that the approximations using the tube method are suffi-
ciently close to the tail probabilities estimated by Monte Carlo simulations. Therefore
the proposed formula is accurate enough in practice for calculating relevant p-values of
tests.

3 An example of data analysis

3.1 Fitting order-restricted models

In this section a contingency table is analyzed as an example. This is a cross-classified
table of job satisfaction by income given in Table 3.1, which is cited from Agresti [1], Table
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2.8. Everitt [11] reanalyzed the data using the (unrestricted) RC association model. This
is a typical example of categorical data with both row and column variables ordinal.

We reanalyze the data using the order-restricted correspondence analysis and using the
order-restricted RC association model. The results of the data analysis are summarized
in Tables 3.2 and 3.3. Before examining the results we discuss the method of estimating
parameters under the order restrictions. In the following we consider the case where there
are natural orderings in row and column categories only for purposes of explanation.

In both the correspondence analysis and the RC association model, the parameters
¢, p; and v; can be estimated from collapsed tables. Let Z = I1|I5|... be a partition of
{1,2,...,a} such that if i € I, and ¢ € I}y, then ¢ < i'. For example Z = 12|3|456 is such
a partition of {1,2,3,4,5,6}. Let J = Ji|J5| ... be a partition of {1,2,...,b} such that
if j € Jy and j' € Jiyq then | < I'. Given a pair of partitions (Z,J), define a collapsed
table with the (k,{)th cell

Ny = Z Nj.

i€ly,jeJ;
Let ¢, i, and 7 be the estimates of ¢, i and 1 in the correspondence analysis (1.1) or in
the RC association model (1.3) under the side condition (1.2) without order restriction.

Lemma 3.1 Let @, fi; and U; be the estimates in the correspondence analysis (or the
mazimum likelihood estimates in the RC association model) with order restrictions based
on the non-collapsed data. Then there exists a pair of partitions (Z,J) such that the
estimates of the correspondence analysis (or the mazimum likelihood estimates based on
the RC' association model, resp.) without order restriction based on the collapsed table
{Nu} satisfy ¢ = o, fux = jui, i = 0 fori € Iy, j € Jp.

Lemma 3.1 for the RC association model is Lemma 4 of Ritov and Gilula [28]. The
proof for correspondence analysis is parallel and omitted.

The desired order-restricted estimator can be obtained in principle by examining all
the possible ways of collapsing. Here we must be careful about a particular partition
Z=12--aof {1,2,...,a} corresponding to p; = pg = --- = p,. This is reduced to the
independence model whenever J is. There are (227! — 1) x (2°=! — 1) ways of collapsing
to be taken into account in addition to the independence model.

Moreover, the following branch and bound techniques can be used. For two partitions Z
and Z', write Z < 7' if 7 is a subpartition of Z'. For example, Z = 123|456 < Z' = 12|3456.
Write (Z,J) X (Z,J') ifZ <7 and J = TJ'.

Rule 1. Once a feasible (i.e., satisfying the order restrictions) solution corresponding to

a pair of partitions, say (Z, J), is found, it is not necessary to count other collapsings
(Z',J") such that (Z,J) = (Z',T")

Rule 2. If a solution (which may be feasible or nonfeasible) corresponding to a pair of
partitions, say (Z,J), gives a smaller canonical correlation (or likelihood) than the
canonical correlation (or likelihood, resp.) given by the other feasible solution, it is
not necessary to count other collapsings (Z’, J') such that (Z,J) < (Z/, J").
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Therefore we can propose a procedure for examining (2271 —1) x (2°71 —1) +1 possibilities
by starting with the smallest pair (Z,7), Z = 1|2|---|a, J = 1]2]---|b, and searching
other possibilities in an ascending direction in the sense of the partial order “<”.

This naive procedure seems unrealistic at first glance because the number of collapsed
tables is of exponential order in a + b as a and b increase. However, without order restric-
tion, not only the correspondence analysis but also the maximum likelihood estimation of
the RC association model can be performed at small computational cost (Becker [3]). Ac-
cording to preliminary numerical experiments, at least the case a = b = 10 is manageable
by standard personal computers even when Rules 1 and 2 above are not applied.

Finally it should be noted that, once the maximum likelihood estimates gg, fi; and 7;
in the order-restricted RC model are obtained, then the maximum likelihood estimates of
cell probabilities can be obtained by the iterative proportional scaling (IPS) procedure.
The algorithm is as follows.

Step 1. Set p;; = nij/n, qij := %% as an initial value.
Step 2. Iterate the following: ¢;; := (9i./¢i.) X ij, Gij = (D.5/25) X Qj-

Then the maximum likelihood estimates of cell probabilities are obtained as the limit
in Step 2. The figures in parentheses in Table 3.1 are expected frequencies under the
order-restricted RC association model obtained by this procedure.

3.2 Results of data analysis

Now we return to the analysis of Table 3.1. The estimates are summarized in Table 3.2.
The row labeled “CA” indicates the estimates by correspondence analysis, and the row
labeled “RC” indicates the maximum likelihood estimates based on the RC association
model. The additional label “(ordered)” indicates when the order restrictions were im-
posed. In Table 3.2, it is evident that 74 = 0, = )3 in the correspondence analysis,
whereas 5 = 73 in the RC model approach.

The results of significance tests for independence are summarized in Table 3.3. In
the row labeled “CA” the statistic ngg2 is used as a test statistic, where gg is the largest
canonical correlation under the order restrictions. In the row labeled “RC” the likelihood
ratio tests for independence against the RC association model are applied. The additional
label “(ordered)” again indicates the order restrictions. The p-values of the test statistics
without order restriction are calculated using (2.18) of Corollary 2.6 with p = ¢ = 3.
The p-values of the test statistics with order restrictions were calculated by obtaining the
level probabilities we(P), w;(Q) first, and then substituting them into (2.14) of Theorem
2.6. The empirical marginal probabilities are (p;) = (206,289,235,171)/901, (p.;) =
(62,108,319,412)/901, and the corresponding level probabilities are

(we(P)) = (0.451,0.268,0.049),  (w(Q)) = (0.450,0.271,0.050),

16



respectively. Because p;. and p.; are \/n-consistent estimators of p;. and p.;, and w.(P)
and wy(Q) are differentiable with respect to p;. and p.;, this method gives a y/n-consistent
estimator of the p-value.

One finds that imposing the order restrictions makes the p-values much smaller. We
can interpret this reduction in the p-values as a reflection of the improved power of the
tests.

4 Proofs of the main results

4.1 The proof of Theorem 2.2

We begin by summarizing Chernoff’s theory for the distributions of likelihood ratio cri-
terion applied to the multinomial distribution. For simplicity, the statements below are
written in terms of vector-valued (not matrix-valued) multinomial random variables.

Theorem 4.1 Let 2 = (argt))lgigk € RF, t=1,...,n, be an i.i.d. sequence of random
vectors having all elements zero except one element one from a probability density f(x,0) =
k070 €Q, where

i=1"% >
Q={0=(6;)c R |6, >0, =~ 6, =1}

Let 0° € Q be the true value. For j = 0,1, let w; be a subset of §1, and assume that both
w;s are locally compact and contain the true value 0°. Let

T(Q)={0=(4,) € R*|ZL, 6 =0}

be the tangent space of Q0 at 6°. Assume that, for j = 0,1, w; has the approximating cone
(tangent cone in the sense of Definition 2 of Chernoff [5] or Definition 1 of Shapiro [32])
S(w;) C T(Q) at 6°. That is, for each w = w;, when 6° is an accumulating point of w, a
closed cone S(w) C T(2) exists, satisfying:
(1) for any sequence y; € w\ {0°} such that lim;_,oc y; = 0°, infoegw |2 — (v — 6°)| =
o([lye = 6°1)), and

(11) for any sequence x; € S(w) \ {0} such that limy_.c z; = 0, infye, ||z, — (y — 6°)]| =
of[lzl]);
when 0° is an isolated point of w, let S(w) = {0}. Then, for n sufficiently large, MLEs

~

000, On1 exist that mazimize £,(0) = >, log f(x(t), 0) over the sets wy, wy, respectively,
and the likelihood ratio test statistic for testing Hy : 0 € wy against Hy : 0 € wy,

—2log A, = —2{€n(én,0) - gn(én,l)}’

converges in distribution to

eeng%go)(z —0)D(6°) (2 —0) — eerggll)(z —0)YD(6°) (2 —0) (4.1)
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diag(0;)1<i<k, z is a k x 1 random wvector distributed as

as n — oo, where D(0) =
= D(0) — D(0)1,1,,D(0), and 1, = (1,...,1) is a k x 1 vec-

Ni(0,V(6°) with V()
tor consisting of ones.

Remark 4.1 A multinomial random vector y = (Yi)1<i<k, Yi = 2opq xl(-t), is a sufficient

statistic for 6, and hence the MLE and the likelihood ratio criterion based on the i.i.d.
sequence 'V t =1,...,n, are equivalent to those based on y.

Proof. Under the assumptions that w;s are locally compact and contain the true value,
the MLEs éw- € w; under H; exist for n sufficiently large, and converge to 6° with
probability one as n — oo (Berk [4], Example 4). From this fact and the assumption of
the existence of approximating cones, we can see that all of the assumptions of Theorem
1 of Chernoff [5] are fulfilled, and —21log A,, is proved to converge in distribution to

min (2 —1(0))'1(6°)(Z —i(F)) — min (2 —1i(0))1(6°)(z —i(h)), (4.2)

0eS(wo) 0eS(w1)

where i(0) = (6;,...,0,_1)" is the first k — 1 elements of 0, I(6) = (6;;/0; + 1/0k)1<i j<k—1,
0, = 1—-F7! 0, is the Fisher matrix of i(#), and Z is a (k—1) x 1 random vector distributed
as Ny_1(0,1(6°)7"). Tt is easy to see that (4.1) and (4.2) have the same distribution. &

In applying Chernoft’s theory, one crucial step is to find the approximating cone
of the parameter set. The following lemma gives a useful sufficient condition for the
approximating cone.

Lemma 4.1 Suppose that there ewist a neighborhood of U C Q around 6°, and C*-
diffeomorphism o : U — o(U) C T(Q) such that (6°) = 0, p(wNU) = S N o(U),
and the differential map of ¢ at 6°,

dgloe = T(Q) — T(R),

1s the identity map. Then S is the approximating cone of w at 6.

Proof. Write the inverse of ¢ as o', For y € wNU, infeeg|z — (y — 6°)| <
infyeonu le(y') — (y =0 < llo(y) = (y = 0°)|| = ollly = 6°[]). Forz € SNV, V = p(U),
infye,, |2 — (y — 0°)|| < inforesoy lo — (97H(2") = 0°)]| < [lo = (o™ () — 6°)I] = o([[z]))-

Now we return to our problem of the a x b contingency table. We first treat the case
of the RC model with both row and column variables ordinal.
The ambient parameter space is

Q = {(pij)i<i<a, 1<j<b € R ’ >iibiy =1, piy > 0},

which is of dimension ab — 1. The true parameter is denoted by (1;) = (p{p?) € Q.
The null parameter space wy is the set of (p;;) € € satisfying (1.3) with ¢ = 0. The

alternative parameter space wy is the set of (p;;) € Q satisfying (1.3) with the order
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restriction (1.4). Because both wy and w; are locally compact and contain the true pa-
rameter (pfj), the MLEs under Hy and H; exist and are consistent. We will proceed
by determining the approximating cones. The tangent space of 2 at (pf;) is defined by
T() = {(pij)1i<a,1j<0 € B | 3255 pij = 0}. Define a map ¢ : @ — T(Q2) by

Dij D;
(Pijhsizangjzs = (pljlog pry melg ])1<z<a 1<5<b’

Without loss of generality, we put the side conditions for the parameters in (1.3) as
Siptpi =0, X;p%8 =051 =0 (4.3)

instead of (1.2). Let pf; = exp(af + 37), 3;p%37 = 0. It is easy to see that the map ¢ is
one-to-one, ¢(pg;) = 0, and its differential map dip at (pg;) is the identity map. Therefore,
the approximating cone of wy at pg; is obtained as the cone generated by the set o(wp)
(the smallest cone containing the set ¢(wp)). Noting the side conditions (4.3),

S(wp) = the cone generated by ¢(wp)
{pep% (s — af + 0 = 07) = Xy pewly(ai — a7 + B = B7) | ;95 = 0}
= {(@p% +p28;) | Sids = %56, = 0}

In the last equation we put &; = pf (o —af) — X, pf (i —af), B = p3(B; — 35). Similarly
the approximating cone of wy at pf; is obtained as

S(wr) = {p?-p-oj(@i — o)+ B — B7 + Vi) — i pio.p.oj(ai —af+ B — 07+ Phv;)
| side conditions (4.3)}
={@m+m@+wWMWMHzm—&@zamm:&m%:a
Siplii =Y 0% =1, 620, in <o < i, i <00 < )

Let p = vec(pi;) = (p11, P12 - - -, Pap)’ be the lexicographically arranged parameter. At
the true value p° = vec(p?p?;),

, =P ReQ,

1 =Py

V(p®) = D(p) — D(p)laly,D(p)

D(PO) = diag(pij)abxab

—P®Q - PL,I'P® QL1,Q,

Pij =D}
where P = diag(pf )axa, and Q = diag(p%)sxs- The inverse of D(p°) is given by
D(po)—l — P—l ® Q_l'

Now we are ready to derive the limiting null distribution of the likelihood ratio statistic
with the help of Theorem 4.1. Let Z be an a x b Gaussian random matrix with mean
matrix M such that

vec(Z) ~ Ny(vec(M), P ® Q — P1,1, P ® Q1,1,Q),
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and let
L(M) = vec(Z — M)D(p°) 'vec(Z — M)
= t(PT(Z = M)Q ™ (Z - MY) = |P73(Z — M)Q 3|,

where P~2 = diag(1/y/p?), Q2 = diag(1/, /p%), and [ - || is the matrix norm. Then our
required limiting distribution is expressed as

min L(M)— min L(M).
MeS(wo) MeS(wr)

Note that M € S(w;) is written as
M =al;Q + P13 + ¢Pu/'Q

with a = (aq,...,04), 8= (B1,--, ), = (1, .., 1ta)’, and v = (vy,...,15)". Using
the relations /o =1, =1/Pu=1,Qv =0, / Pu=1v'Qv =1, L(M) is decomposed as

L(M) = |[P73(Z, — alyQ)Q 5| + | P73(Zs — PL,8)Q % |
HIP™2(Zy — oPur/'Q)Q ™2 | + ||P72 2,Q 2|
where
Zy= (1, — Plalfl)Z(]b — 1b1§)Q), Zy = (1, — Plalfl)Z(lbl’bQ),
Zy = (P1,1,) Z(I, — 1,1,Q), Zy = (P1,1,) Z(1,1,Q).
Therefore
Juin L(M) = min L(M) = |P722,Q %P — min |[P75(Z — 6Pu/Q)Q 7%

= AP - min 12— 6P
»>0, i, 0

— r%aﬁx(max{ﬂlzlﬁa 0}2)

= max{mag((ﬂ'Zlﬂ), 0}2 (4.4)

v

with P~22,Q73 = Z,, P%u = [, Q3v = . The constraints of the maximization in (4.4)
are

1 Pii=1,Q:0 =0, [Fh=iv=1
and
/S < - < e/ /D2 n/VPh < < oy /D5
Because

vee(Z1) ~ N (0, (I = PPL1,P?) @ (I, = Q2 L,13Q%)),

the distribution of the maximum max; »(fi' Z,7) in (4.4) is shown to be reduced to the
distribution of 7" in (2.6) with P, @ given in Corollary 2.1.

The proof for the order restrictions (1.4) is completed. The proof for the order restric-
tions (1.5) is completely similar and is omitted.
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4.2 The proof of Theorem 2.6

The proof is divided into four parts. In the first three sections (Sections 4.2.1-4.2.3) we
prove the theorem when P and @) are polyhedral. Then, in Section 4.2.4, the results
are extended to the non-polyhedral case by considering sequences of spherical polyhedra
approximating P and (). Throughout this section we denote by “@” the orthogonal direct
sum.

4.2.1 Tangent cones and their duals

Let E be a face of the spherical polyhedron P of dimension e — 1,0 <e—1<p—1. Fix
a relative interior point v of E. The tangent cone of P at v is given by

Sv(P) = Tv(E) D Cva

where T,(FE) is the tangent space of E at v, and C, is a convex cone contained in the
orthogonal compliment space

N,(E) = (span{v} @ T,(E))* C RP.
The dual cone of S,(P) in RP is
S,(P)* = span{v} ® C, with C, = {ye N,(E)|y'z<0,VzeC,}.

Let F' be a face of () of dimension f — 1,0 < f —1 < ¢ — 1. Fix a relative interior
point w of F. Define T, (F) and

N,(F) = (span{w} & T,,(F))* C R
as above. Then the tangent cone of () at w and its dual in R? are written as
Su(Q)=Tu(F)® D, and S,(Q)" =span{w}® D,,

respectively.
Let
EQF={voweR|veFE we F}.

P ® @ is a disjoint union of smooth manifolds of the form of £ ® F. The tangent space
of E® F at a relative interior point v ® w is

Tv®w(E & F) = TU(E) ® {w} D {U} ® TW(F)v

which is of dimension e + f — 2.
Noting that for two points v; ® w; € P® Q) and v ® w € F® F' that are close to each
other,
VW —vRw= (v —v)Qw+v & (w —w),
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we see that the tangent cone of £ ® F at v ® w is

Sozw(P®Q) = Sy(P)® {w} & {v}® 5,(Q)
T,(E)®@{w}® C, @ {w}®{v} @ T,(F) ® {v} ® D,
= Tew(E®F)®C,®{w} & {v} ® D,.

The dual cone is given by

Sv@w(P ® Q>* = span{v ® U}} S Nv@w(P & Q)a

where

Nv®w(P® Q)
=T,(E)@Ty(F)® T,(E) ® Ny(F) & N,(E) @ To,(F) & N,(E) @ Ny(F)
®C, @ {w} @ {v} ® D,. (4.5)

This is of dimension

dim Nygw(P ® Q)
—(e-D)(f =D+ le—Dg—H+ @~ 1)+ b))
+(p—e)+(a—f)
=pg—e—f+1 (4.6)

4.2.2 The second fundamental form

Let v =v(t) € E,t = (t')1<i<c_1, be alocal coordinate system of £, and let w = w(u) € F,
u = (u')1<i<f—1, be a local coordinate system of F. Then v(t) ® w(u) gives a local
coordinate system of £ ® F' around the relative interior point v ® w.

Let v; = v;(t) = dv(t)/0t', and w; = w;(u) = dw(u)/Ou’. Then the tangent space of
E ® F is given by

Togw(E®F) = T,(BE)®{w} e {vt®T,(F)
= span{y; @uw |1 <i<e—1}@span{v@uw; |1 <i< f—1}.

The metric ,
G ((Uivj)lsmy—l 0 ) (@7)
0 (wiwi)i<ki<r—1

of E® Fisan (e+ f —2) x (e + f — 2) block diagonal matrix. This implies that the
volume element of £ ® F at v ® w is dv dw, where dv is the volume element of £ at v,
and dw is the volume element of I’ at w.

The second derivatives of v(t) ® w(u) are written as an (e+ f —2) X (e+ f — 2) matrix
with elements p X ¢ matrices

(( (Vij ® W)1<ij<e—1 (v ® wl)1<i<el,1<l<f1> ' (4.8)

Vj ® Wi )1<k<f-1,1<j<e—1 (v @ wi)1<ki<i-1
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Let 04, 1 < a < p—e, be a basis of N,(F), and let wy,, 1 < b < ¢ — f, be a basis of
N, (F). Consider inner products of the elements of (4.8) and the elements of Nz, (P®Q).
Note that the bases of Nyg.w(P ® Q) are v; ® w;, v; ® Wy, Vg ® W;, Vg @ Wy, Uy @ w, and
v ® W, (see (4.5)). Here it is true by definition that v'v; = 0, v'0, = 0, v, = 0, and
w'w; = 0, wi, = 0, wi, = 0. Because P is a spherical polyhedron, T, (E) & span{v}
becomes the linear hull of F, which is invariant with respect to a choice of the relative
interior point v € E. Then N,(F) is independent of v, and hence we can choose the bases
U4 = U4(t) independent of t. Therefore

V500 = (00; /0F) B, = O(v[T,) /0t = 0.
Similarly w;;1w, = 0. Only the inner products of the form
(vi ® wr)'(v; @ wg) = (vjv) (wywy)

must be considered. (This is because principal directions of £ ® F' are restricted in
T,(E) @ T,(F).)

Let 9;, 1 <i < e —1, be an orthonormal basis of T,(E) such that v;v; = ¢;;. Then
a nonsingular matrix A exists such that (vi,...,v._1) = (01,...,0._1)A. Let w;, 1 <
i < f —1, be an orthonormal basis of T,,(F). A nonsingular matrix B exists such that
(wi,...,wp—1) = (Wy,...,Wp_1)B. The metric G in (4.7) is written as

/!
G- A 0 A0 '
0 B 0 B
Write an element of Nyg, (P ® Q) as
e—1 f-1
r=3 > r(mn) (U, ©w,) + 7, (4.9)
m=1n=1

where 7 is an element orthogonal to 7,(E) ® T,,(F). Let R = (r(m,n))1<m<e—1,1<n<f—1
be an (e — 1) x (f — 1) matrix. Then the inner product of elements of (4.8) and r in (4.9)

1S
0 (Cm (M, 1) (V)0 (wiD,,)) 1<ise )

1<i<
< (X (M, 1) (V50) (w10, ) 1skss-1 0

(0 ARBY (A 0\ [0 RY[A 0
~ \ BRA 0 - \0 B R 0 0 B/’

Therefore the second fundamental form of £ ® F' at v ® w with respect to the normal
direction r in (4.9) is

Hw®w;r) = <Ig’ ];).
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4.2.3 Evaluation of integrals

Finally we evaluate the integral (2.13). In (2.13) we consider £ ® F instead of 0M; with
d =e+ f — 2. The contribution of the integral with respect to £ ® F'is

e+f—2 1

ds/ dttrH(s,t) X Gepr_1_p(x?).
kz::o Qeq p-1-£pg—e— fr14k /seE®F tENL(PoQ)NSPI~1 kH (s, 1) ()
(4.10)

We begin by evaluating the integral
/ ds = Vol(E @ F).
SEEQF

As we have seen, the volume element of £ ® F' at v ® w is the product measure of the
volume elements dv and dw at v € E and w € F. Hence if either P or () is not symmetric
with respect to the origin, then the map (v, w) (€ PXQ) — v®w (€ PRQ) is one-to-one,
and hence

[ ds = [ dvx [ dw=0.0,8(8) B(F), (4.11)

where

B Vol(E) B Vol(F)
AE) = Vol(lin(E) N Sp—1)’ ) = Vol(lin(F) N Sa—1)

are internal angles. When both P and () are symmetric with respect to the origin, then

the map (v, w) — v® w is two-to-one, and a multiplier 1/2 is required in the middle and
right hand sides of (4.11).
Next we consider the integral

/ dt try,H(s,t).

teNs(PRQ)NSPI—1

As in Kuriki and Takemura [23], we evaluate this by taking expectations with respect to
normal random variables.

Assume that ¢t € RP9is distributed uniformly on the (pg—e— f)-dimensional unit sphere
restricted in the linear hull lin(Ny(P ® @)) (see (4.6)). The density of ¢ is dt/Spg—c—f+1,
where dt is the volume element of lin(N,(P®Q))NSP?~! at t. Assume that y* is a random
variable distributed as ng_e_ s+1 independent of ¢. Then y x ¢ has a multivariate standard
normal distribution restricted in the linear subspace lin(N;(P ® @Q)). Therefore

/ dttriH (s, t)
teNs (PRQ)NSra—1

= Qpyee—sr1 E[I(t € Ns(P ® Q)) tryH(s, t)]
Elllyxte Ny(P®Q))trpH(s,y x t)]

= Qpge—ft1 E[y"]
_ %E[I((y xt e N,(P®Q)| EltryH(s,yxt)],  (412)
m)2
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E
2

where I(-) is the indicator function. We used Qy/E[x%] = Qq11/(27)
Moreover,

in the last equality.

ElI(y x t € Ny(P® Q))] = v(E)y(F), (4.13)
where
B Vol(E*) B Vol(F*)
"B = SommE oy )= YelimE tnse
and

E* = {velin(BE)*ns* | vo <0,V e P},
F* = {welin(F)*rnsT™ | v <0, Vi € Q},

are external angles. Let R = (r;;) be an (e — 1) x (f — 1) random matrix such that all
elements r;;s are independent standard normal random variables. Then

o) = Bl ()

_ { (—1)k/2 (2721) (2721) (k/2)!, for k even, (4.14)
0, for k odd

(Kuriki and Takemura [23]).
Combining (4.11)—(4.14), the contribution (4.10) of E ® F becomes

2(min(e,f)—1) Qe Qf

>

k=0, k:even (271-)% Qe+f—1—k
1\ (f-1 _
—p)R2 (€ k/2) Gy g1k (2?). 4.1
<02 () () 21 Cepate). s
Summing (4.15) over 0 < e < p and 0 < f < ¢, and noting that

we(P)= > BEVE), wi(@= > BUE)F)

E:dim E=e—1 F:dim F=f—-1

B(E) B(F)v(E)y(F)

(Takemura and Kuriki [34]), we obtain the expression (2.14).

4.2.4 Approximation by sequences of spherical polyhedra

Finally we prove that (2.14) still holds when P and @ are non-polyhedral.
Define a distance between two subsets M, My € S*~! by

5<M1,M2) = 1nf{(9 2 0 ‘ Ml C (Mg)g, MQ C (Ml)g}

This is the Hausdorff distance in R" between cone(M;) N B™, i = 1,2, where cone(M;)
is the smallest cone containing M;, and B™ is the unit ball in R" (Takemura and Kuriki
[34]). The following theorem states the continuity of the volume of the tube with respect
to the distance d(-, ). This is a spherical version of Theorems 5.6 and 5.9 of Federer [12].
The proof is parallel to that of Federer [12] and is omitted.
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Theorem 4.2 Suppose that € > 0. Let A;, i = 1,2,..., and B be closed subsets of S™*
with the critical radii 0.(A;),0.(B) > € such that 6(A;, B) — 0 as i — co. Assume that
the volume of the tube around A; is written as

n

Vol((A;)g) = Q> we(A) B

e=1

e,%(nfe) (COS2 0)7 0 < GC(AZ)
Then the limits w.(A;) — we(B), i — oo exist, and the volume of tube around B is written
as

Vol(Bg) =, > w.(B)B (nfe)(cos2 0), 6<6.(B).
e=1

€,

Lemma 4.2 Let P,P C S, Q,Q C S9L. Then

S(P®Q,P® Q) <2max{d(P,P),5Q,Q)}.

Proof. Assume that §(P, P) <e, 5(Q,Q) < c Letx € P,y € Q. Because r'v >
cos(c), y'w > cos(c), Jv € P, Jw € @Q, it is true that (z ® y)'(v ® w) = (2'v)(Y'w) >
cos?(¢) > cos(2c). This implies 2 ® y € (P ® Q)g.. Therefore (P ® Q) C (P.® Q.) C
(P®Q)s, (P®Q)C (P®Q)se, and §(P®Q,P® Q) < 2¢ follows. ]

By the spherical convexity of P and (), sequences of spherical polyhedra P, Q;, 1 =
1,2,... exist such that §(P, P) — 0, 0(Q;,Q) — 0 as i — oo (Takemura and Kuriki
[34], Lemma 1.2). By Lemma 4.2, P, ® Q; C RP? i = 1,2,..., is a sequence such that
I(P®Q;,PRQ)—0asi— oco.

Let ¢(P;) and ¢(Q;) be the diameters of P; and @;. Because |¢p(P;)—¢(P)| < 26(F;, P),
() — B(Q)] < 26(Q5,Q), it is true that G(P) — ¢(P), $(Qs) — 6(Q). It follows from
Theorem 2.7 that the critical radius 6.(P; ® Q;) converges to 0.(P ® Q) (> 0).

We have seen that the assumptions of Theorem 4.2 are fulfilled. We can conclude that
the expression (2.14) is valid for non-polyhedral cones P and Q.

4.3 The proof of Theorem 2.7

We evaluate the critical radius 6. by (2.10). In this proof, the point v ® w € RPI is
represented as a matrix vw’ € RP*?. With this change, we introduce a new symbol “®”
defined by

AoB={vw' e BP9 |ve A, we B}  for AC R, B C R

As in Section 4.2, we denote the orthogonal direct sum by “@®”.
Let Z be a point in RP*%. Let N,(P) = S,(P)* Nspan{v}t C R? and N,(Q) =
Su(Q)* Nspan{w}t C RY. By (4.5),

Nyw (P © Q) = (span{v}* © span{w}') & N,(P)w' & vN,(Q),
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where

N(Py' = {ow' [ § € Ny(P)},  wNo(Q) = {vi | & € No(Q)}.
Therefore the orthogonal projection of Z onto N, (P ® Q) is given by
P(Z | Now) = (I —v0")Z(I — ww') + P(Z | Ny(P)w') + P(Z | vN,(Q)). (4.16)
Here the second term in the right hand side of (4.16) above is rewritten as
P(Zw | Nu(P))w', (4.17)
because for = € N,(P),

1Z = aw'|* = 2 — wu)|]* + |(Zw — z)w'|]*
= 2 —wu)I* + | Zw — =||*.

(|| - || appearing in the second term of the right hand side means the norm for vectors.
The other || - ||s mean the norms for matrices.) Similarly the third term in the right hand
side of (4.16) is v P(Z'v | N,(Q))".

Set Z = s —t = 0w’ — vw', where 90', vw’ € P ® (. Then (4.17) is reduced to
P((W'w)v — v | Ny(P))w'. Noting that

I(Z = vo") (00" — vw') (I — ww')||* = (1 = (7'0)*)(1 = (@'w)?),

[ow" — vw'||* = 2(1 — (7'v) (@'w)),
the left hand side of (2.10) is reduced to
1 — 2
f (1—=7p)

swePwweq (1 —72)(1 = p?) + || P(pt — v | No(P))|> + | P(rd0 — w | No(@)) |12
(4.18)

with 7 = v'v, p = W'w.

Case 1. Consider the case ¢(P) < 7/2. This is equivalent to 7 = v > 0, Vo,v € P.
The smallest cone containing @ is denoted by cone(()). Because 7 > 0, 70 € cone(Q).
On the other hand, because N,,(Q) is the normal cone of the convex cone(Q) at w, we
have

P(rw —w | Nu(Q)) = 0.
Therefore, (4.18) is reduced to

inf (= rp)”
sweP,wweQ (1 —72)(1 — p2) + || P(p0 — v | Nu(P))||?

(4.19)

We evaluate the infimum in (4.19) by examining the cases p > 0 and p < 0 separately.
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The case p > 0. Because P(p0 — v | N,(P)) = 0, the argument of the infimum in
(4.19) becomes
(1 —7p)”
=0

The infimum of this is one, which is attained as |7 — p| — 0 with 7,p # 1. (Lemma 4.5

of Kuriki and Takemura [23]). Hence if a sequence ?/w — v'w > 0 with ¥ # v, ¥ # w
exists, then the infimum is attained. This is possible when dim P > 1 and dim @ > 1.
The case p < 0. Because N,(P) C span{v}+,

IP(pt — v | Nu(P)II* < [[P(pt — v | span{v} )| = [[(I — vv')(p0 — v)||*
— p2(1 — 7'2), (420)
Therefore the argument of the infimum in (4.19) is bounded below by

(1—17p)? ) S
(1—=p) (1 —=72)+p*(1—712) 1—72 —1—72—7

Now we have proved that (4.19) is equal to one, and hence tan*6, = 1, 6, = 7 /4.

Case II. Consider the case ¢(P) > 7/2 and ¢(Q) > 7/2. Both 7 = /v and p = @W'w
can take minus values. According to (4.20), the argument of the infimum in (4.18) with
7, p < 0 is bounded below by

(1—7p)? _1-7p  1—cos &(P) cos p(Q)
1=—p) 1 =72 +p21—=72)+72(1—p?) 1+7p " 1+ cosgp(P)cosd(Q)

The right hand side is less than one. Together with the examinations in Case I, we have

1 — cos ¢(P) cos p(Q)
tan® 6, > 1+ cos o(P) cos 5(Q)

In the following we see that the equality in (4.21) holds.

Let v, € P be a pair of points such that cos™ (0'v) = ¢(P). Let w,w € Q be a pair
of points such that cos™(w'w) = ¢(Q). Then 7 = cos d(P) < 0, p = cos p(Q) < 0. Here
we claim that

(4.21)

P(pt — v | span{v}t) = p(v — Tv) € N,(P).
Assume that p(0 — 7v) € N,(P). Because p < 0 and N,(P) = S,(cone(P))*, u €
cone(P) exists such that (0 — 7v)'u < 0. Because cone(P) is convex,
(1 —€)v+eu
I(1 = €)v + eull

Ve = eP, for 0<e<1.

Let h(e) = (0'v.)? be a function in € € [0,1]. Then (d/de)h(0+) = 27(0 — 7v)'u > 0. This
implies that for a sufficiently small € > 0, 0 > /v > 9'v,, and cos™!(0'v) < cos™(0'v,).
This contradicts the assumption that cos™ (d'v) = ¢(P).
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Therefore, we have
P(po = v | No(P)) = P(P(pt — v | span{v}t | No(P))) = p(0 — Tv),

and P(tTw — w | Nu(Q)) = 7(0 — pw). Substituting them into the argument of the
infimum in (4.18), we see that the lower bound in (4.21) is really attained.
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Figure 2.1. The upper tail probability P(T > x).
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Table 3.1. Income and job satisfaction (n = 901).

Income Job Very Little Moderately Ver
(dollars) satisfaction dissatisfied dissatisfied satisfied satisfied
< 6000 20 (19.7) 24 (26.5) 80 (782) 82 (81.6)
6000 — 15000 22 (22.2) 38 (35.8) 104 (105.7) 125 (125.3)
15000 — 25000 13 (13.3) 28 (27.4) 81 (80.9) 113 (1134)
> 25000 7 (6.8) 18 (18.4) 54 (542) 92 (91.7)

Note: From Agresti [1]. Estimated frequencies are in parentheses.

Table 3.2. Estimates of ¢, y;, v;.

o fi1 fi2 f3 s n o U3 vy
CA 0.1125 -1.31 -044 056 156 -2.55 0.89 -1.05 0.39
CA (ordered) 0.0979 -1.21 -0.51 0.48 1.65 -0.92 -0.92 -0.92 1.09
RC 0.1161 -1.26 -0.48 0.51 1.62 -2.63 -0.37 -0.57 0.93

RC (ordered) 0.1160 -1.24 -0.49 0.51 1.63 -2.63 -0.52 -0.52 0.93

Table 3.3. Tests for independence.

test statistic df p-value

CA 11.40 0.0945
CA (ordered) 8.64 0.0254
RC 11.59 0.0882
RC (ordered) 11.55 0.0069
Saturated 12.04 9 0.2112
Pearson x> 11.99 9 0.2140

CA : Test based on n <£2

RC : LRT against the RC model

Saturated : LRT against the saturated model
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