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We introduce two graph polynomials and discuss their properties. The one is a polyno-
mial of two variables, motivated by performance analysis of the Bethe approximation
of the Ising partition function. The other polynomial of one variable is obtained by
its specialization. It is shown that these polynomials satisfy deletion-contraction rela-
tions and are new examples of V-function, which is introduced by Tutte (1947, Proc.
Cambridge Philos. Soc. 43, 26-40). For these polynomials, we discuss interpretations
of special values, and then obtain the bound on the number of sub-coregraphs, i.e.,
the spanning subgraphs with no vertices of degree one. It is proved that the polyno-
mial of one variable is equal to the monomer-dimer partition function with weights
parameterized by that variable. Properties of the coefficients and the possible region
of zeros are also discussed for this polynomial.

1. Introduction and terminologies

1.1. Introduction

The aim of this paper is to introduce two new graph polynomials and study their prop-
erties. The first one is a two-variable polynomial denoted by 6¢(3,~) and the second one
is a one-variable polynomial denoted by wg (), which is obtained as a specialization of
Oc.

Partition functions studied in statistical physics have been a source of various graph
polynomials. For example, the partition functions of the g-state Potts model and the
bivariated random-cluster model of Fortuin and Kasteleyn derive graph polynomials.
They are known to be equivalent to the Tutte polynomial [4]. Another example is the
monomer-dimer partition function with uniform monomer and dimer weights, which is
essentially the matching polynomial [15].

The polynomial ¢ comes from the problem of computing the Ising partition function
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defined by

2(G; I h) = Y exp (Z Jewiz; + > hx) (1.1)

T1,...,en==%1 eck eV
e=ij

where J. and h; are called coupling constants and local external fields respectively, and
G = (V, E) is the underlying graph. In general, the partition function is computationally
intractable and the Bethe approximation is a popular method for its approximation [2].
The approximation ratio, which evaluates the performance of this method, depends on
the structure of the underlying graph. Particularly, if the graph is a tree, the ratio is equal
to one, i.e., the Bethe approximation gives the exact value of the partition function. In
principle, the approximation becomes more difficult as the number of the nullity grows.
In [30], it is shown that the ratio is described by a multivariate polynomial O (3,y).
We derive the graph polynomial 05 (3,~) as its two-variable version.

The polynomial wg(3) is obtained from 6g(3,v) by specializing v = 21/—1 and elimi-
nating a factor (1 — )%l
dimer partition function with weights parametrized by (. Especially, for regular graphs,

~IVI. We will show the polynomial coincides with the monomer-

w—polynomials are equal to the matching polynomials up to transformations.
We discuss the properties of ¢ and wg from the viewpoint of graph polynomial. The
most important feature of these graph polynomials is the deletion-contraction relation:

0G(ﬂ77) = (1 - ﬂ)eG\e(ﬂay) + ﬂgG/e(677)7
wa(B) = ware(B) + Bwaye(B),

holds whenever e € E is not a loop. Note that the graph G\e is obtained from G by
deletion of the edge e, and the graph G/e is the result of contraction of e. Furthermore,
these polynomials are multiplicative:

9G1UG2 = 0G19G2 and wG1UG2 = wleGQ)

where G; U G4 is the disjoint union of G; and G5. Graph invariants that satisfy the
deletion-contraction relation and the multiplicative law are studied by Tutte [27] in the
name of V-function. Our graph polynomials ; and wg are essentially examples of V-
functions.

Graph polynomials that satisfy deletion-contraction relations arise from wide range
of problems [4, 11]. Most of them are known to be equivalent to the Tutte polynomial
or obtained by its specialization, and thus have reduction formulae also for loops. Our
new graph polynomials do not have such reduction formulae for loops and are essentially
different from the Tutte polynomial.

There have been few researches on specific V-functions except for those on the Tutte
polynomial. The Tutte polynomial has gathered interests due to its rich mathematical
properties such as the matroid invariance and connections to links [31, 4]. These prop-
erties are not shared by general V-functions. As we will present in this paper, our new
V-functions also have special properties, and thus are worth investigation.

The rest of the paper has the following structure. In Section 1.2, definitions and no-
tations on graphs are provided. Sections 2, 3 and 4 are devoted to investigations on the
f-polynomial: the definition and basic properties of the #-polynomial is given in Section
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2, the motivation for the definition is presented in Section 3 and special values of 04 are
discussed in Section 4. Section 5 is devoted to investigations on w¢ including a study on
the special value, 5 = 1.

1.2. Basic terminologies and definitions

Let G = (V,E) be a finite graph, where V is the set of vertices and E is the set of
undirected edges. In this paper, a graph means a multigraph, in which loops and multiple
edges are allowed. A subset s of E' is identified with the spanning subgraph (V,s) of G
unless otherwise stated.

By the notation of e = ij we mean that vertices ¢ and j are the endpoints of e. The
number of ends of edges connecting to a vertex i is called the degree of i and denoted by
di-

The number of connected components of G is denoted by k(G). The nullity and the
rank of G are defined by n(G) := |E| — |V| + k(G) and r(G) := |V| — k(G) respectively.

For an edge e € E, the graph G\e is obtained by deleting e and G/e is obtained by
contracting e. If e is a loop, G/e is the same as G\e. The disjoint union of graphs Gy
and G5 is denoted by G7 U G5. The graph with a single vertex and n loops is called the
bouquet graph and denoted by B,,.

For a graph G, the core of the graph G is given by a process of clipping vertices of
degree one step by step [24]. This graph is denoted by core(G). For example, the core of
a forest F' is the graph of k(F') vertices without edges. A graph G is called a coregraph
if G = core(Q@). In other words, a graph is a coregraph if and only if the degree of each
vertex is not equal to one. Note that the core of a graph is also known as the 2-core [21]
and can be generalized to the notion of the k-core [3, 22].

2. Two-variable graph polynomial 6

2.1. Definition

In the first place, we introduce a graph polynomial that is one of the main topics of this
paper. For the definition, we define a set of polynomials {f,(x)}22, inductively by the
relations

fO(x) =1, fl(x) =0, and fn-i-l(x) = l‘fn(l‘) + fn—l(x)' (2'1)

Therefore, for instance, fo(z) = 1, fs(x) = x and so on. Note that, these polynomials
are transformations of the Chebyshev polynomials of the second kind: frnr2(2v/—12) =
(vV=1)"U,(z), where U, (cos ) = snlnt1)0)

sin 6

Definition. For a given graph G,
66(0,1) = 3 8 T fuw() € Z15.1), (2.2)
sCE icv

where d;(s) is the degree of the vertex i in s.

In Eq. (2.2), there is a summation over all subsets of E. Recall that an edge set s is
identified with the spanning subgraph (V,s). Since fi(x) = 0, the subgraph s makes a
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— OO

X, X,

Figure 1. Graph X; and Xs

contribution to the summation only if s does not have a vertex of degree one. Therefore,
the summation is regarded as the summation over all coregraphs of the forms (V, s); we
call them sub-coregraphs. In relevant papers, such subgraphs are called generalized loops
[8, 9] or closed subgraphs [18, 19].

The following facts are immediate from the definition.

Proposition 2.1.

(a) 0G1UG2 (67’7) = 0G1 (ﬂ77)0G2 (67’7)
(b) 05, (B,7) = Xi_o () fau(7)8*.
(C) 0G (57 ’)/) = acore(G) (ﬂv 7)~

Example 1. For a tree T, 07(5,v) = 1. For the cycle graph C,,, which has n vertices
and n edges, 0c, (3,7) = 1+ 3". For the complete graph Ky, 0, (3,7) = 1+43%+38%+
63%°y2 + (354, For the graph X, which is in Figure 1, 0x,(3,v) = 1 + 332 + 33~2. For
the graph X, which is also in Figure 1, 0x,(3,v) = 1+ 28 + 8* + 3342.

2.2. Deletion-contraction relation and expression as Tutte’s V-function
2.2.1. Deletion-contraction relation We prove the most important property of the
graph polynomial, 6, called a deletion-contraction relation. The following formula of f,, (x)
plays an important role in the proof of the relation.

Lemma 2.2. n,m €N,

frtm—2(®) = ful(@) fn(2) + fr-1(2) frn—1(2).
Proof. Easily proved by induction using Eq.(2.1). ]

Theorem 2.3 (Deletion-contraction relation). For a non-loop edge e € E,

eG(ﬁer) = (1 - ﬁ)eG\e(ﬂ77) + ﬁeG/e(ﬁv’Y)'

Proof. Classify subgraph s in the sum of Eq. (2.2) whether s includes e or not. The
former subgraph s > e = ij yields —30¢\. + 30/, where Lemma 2.2 is used with n = d;
and m = d;. The latter subgraph s # e yields .. ]

2.2.2. Relation to Tutte’s V-function In 1947 [27], Tutte defined a class of graph
invariants called V-function. The definition is as follows.
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Definition. Let G be the set of isomorphism classes of finite undirected graphs, with
loops and multiple edges allowed. Let R be a commutative ring. A map V : G — R is
called a V-function if it satisfies the following two conditions:

(i) V(G) =V(G\e) +V(G/e) if e € E is not a loop,
(i) V(G1UG2) = V(G1)V(G2).

Our graph invariant 6 is essentially an example of a V-function. In the definition of
V-functions, the coefficients of the deletion-contraction relation are 1, while those of 6
are (1 — ) and 8. However, if we modify 6 to

bc(B,7) = (1 — B)"EHIVIg=IVigs(8,7),

this is a V-function 6 : G — Z[8,~, 871, (1 — 8)71].

In theorem 10 of [5], Bollobés et al. have constructed non-isomorphic k-connected
graphs not distinguished by deletion-contraction invariants. The result implies that these
graphs have the same #-polynomial.

2.2.3. Alternative expression of #-polynomial By successive applications of the
conditions of V-function, we can reduce the value at any graph to the values at bouquet
graphs. Therefore we can say that a V-function is completely determined by its boundary
condition, i.e., the values at the bouquet graphs. Conversely, Tutte shows in [27] that for
an arbitrary boundary condition, there is a V-function that satisfies it. More explicitly,
the V-function satisfying a boundary condition {V(B,)}n—0 is given by

V@) => [z, (2.3)

sCE n=0

where z,, = Z?:o (?)(—1)”+jV(Bj) and 4,(s) is the number of connected components
of the subgraph s with nullity n.

Note that another expansion, called the spanning forest expansion, of V(G) is found
in Section 5 of [5].

In the case of 0, Eq. (2.3) derives the following expression. Though this theorem is a
trivial consequence of Theorem 3.2 proved more directly later, we give a proof of Theorem

2.4 to see the relation to Eq. (2.3).

Theorem 2.4.

0a(8,7) = [] 05.(1,7)" 5k - g)IFI= . (2.4)

sCE n=0
Proof. It is enough to check that

0c(8,7) = > [] 0. (1,7 gl Vi1 — gyVI=lsl. (2.5)

sCE n=0
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11—z

By comparing the coefficients of z* in (1 — {=5)" = (1 — ) 7"(~f + )", we have

Sy (N ()a-m7 = (1) ra-o (2.6)

Jj=k

for every 0 < k < n. Using this equality and Proposition 1.(b), we see that

=3 (1) (10490, (39) = b, ()57 1 )

Jj=0

Therefore Eq. (2.3) reduces to Eq. (2.5). O

Formulae (2.2) and (2.4) are both represented in the sum of the subsets of edges, but
the terms of a subset are different. Generally, a V-function does not have a representation
corresponding to Eq. (2.2); this representation is utilized in the rest of paper and makes
#-polynomial worthy of investigation among V-functions.

2.2.4. Comparison with Tutte polynomial The most famous example of a V-
function is the Tutte polynomial (multiplied with a trivial factor). The Tutte polynomial
is defined by
To(r,y) == Y (x— 1)1 D70 (g —1)re), (2.7)
sCE
It satisfies a deletion-contraction relation

Te\e(,y) if e is a bridge,
To(x,y) = § yTe\e (2, y) if e is a loop,
TG\e(an y) + TG/e(Zﬂ, Y) otherwise.

It is easy to see that Tg(x,y) = (z — 1)@ T4(x,y) is a V-function to Z[z,y]. For
bouquet graphs, T, (z,y) = (z — 1)y™. In the case of the Tutte polynomial, Eq. (2.3)
derives Eq. (2.7).

Moreover, the Tutte polynomial 7' is known to be matroidal, i.e., if G; and G2 give
the same cycle matroid then T, = T, holds [31]. Since B, 4., and B, U B,, give the
same cycle matroid, the relation

Tp,. =Tgp Ts

m

(2.8)

n+m

is a consequence of the invariance. Though T itself is not matroidal, but is matroidal and
satisfies Eq. (2.8) up to the easy factor.

The V-functions 8 and 71" are essentially different. One intuitive understanding is that
éBn, shown in Proposition 2.1.(b), do not satisfy Eq. (2.8), even if an appropriate factor
is multiplied. (If we set v = 0, it is not the case. See Proposition 4.1.) In the following
remark, we formally state the difference irrespective of transforms between (3,v) and

(. ).

Remark. For any field K, inclusions ¢; : Z[3,7,87 !, (1 — f)7!] — K, and ¢o :
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Zlz,y] — K, we have
gi)loé;éqﬁg OT.

Proof. It is easy to see that ¢o(Ts,)/¢2(Ts,) = ¢2(y)" and ¢1(05,)/¢1(05,) = ¢1(1—

B) "1 (> (Z)fgk(’y)ﬁk). If 100 =¢o0T, then a, := >} _, (Z)fgk(’y')ﬂ’k = 2" for
some z € K, where 7/ = ¢1(7) and 8/ = ¢1(3). The equation a? = ay gives 7232 = 0.
This is a contradiction because 5 # 0 and v # 0. L]

3. Motivation for the definition

In this section, we explain the motivation for considering the graph polynomial 64, that
is, the link to the Ising partition function and its Bethe approximation.

3.1. Definition of weighted graph version of #-polynomial

We consider the multi-variable version of 8¢, attaching weights to vertices and edges of
G by v = (7i)iev and B = (B.)cecr respectively. Such a graph is called a weighted graph.
We assume the weights are real numbers.

Definition. Let 3 = (8.)ccr and v = (7:)iev be the weights of G.

0c(8,7) == >_ I8 I fa.s()-

sCFE e€s i€V

If all vertex and edge weights are set to be the same, O¢(8,~) reduces to 05(3,7). It is
trivial by definition that

06,06, (8,7) = 06, (8,7)0c,(8,7),
®Bo (/Ba’Y) = 17
GG(ﬁv'V) = 6core(G) (Ba7)

In this definition, O is represented in the form of the edge states sum, but it is
also possible to represent it in the following form of vertex state sum. This formula is
important to show the link to the Bethe approximation of the Ising partition function
because the partition function is also given in the form of vertex state sum.

—~~
o =
~— ~—

Lemma 3.1.

Oc(B, (& — & Viev) = Z H (1 + zz; 8876 H §i5_1 (3.4)
z1,...,eny=*1 ZES eV St i

Proof. From Eq. (2.1), we can easily check by induction that

fn—l _ (_6)—n+1
§+&t

fn(g - 5_1) =
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If we expand the product with respect to E in the right hand side of Eq. (3.4), it is equal
to

(I—djs))zi

z()f
ZHﬁEHZ fz"‘ffl

sCE ecs eV x;==+1

Then, the assertion follows immediately. ]

3.2. Link to the Bethe approximation

We will explain that the value ©¢ describes the discrepancy between the true partition
function of the Ising model and its Bethe approximation. More detailed discussion is
found in [30].

The Bethe approximation is a method for approximating partition functions of various
statistical mechanical models [2]. Here we give it in the case of the Ising partition function.
Recall that the Ising partition function on G for given J = (Je)ecp and h = (h;);cy is
defined by Eq. (1.1). We write ¢;;(z;, x;) = exp(Jijz;z;) and ¢;(z;) = exp(h;z;).

Definition. A set of functions {be(2;,z;)}ecr and {b;(z;)}icv is called a belief [33] if
it satisfies

Zbe(mi,xj) =bi(zx;) forallieV, z; € {£l}ande=1ij € E, (3.5)
Z be(zi,z;) =1 foralle =1j € E, (3.6)
T4, T4

H bl x“xj H bi(x;) x H Ve (i, 25) H’(/JZ (). (3.7)
eelE eelE i€V

Then the Bethe approximation of the partition function Zp is defined by the proportion-
ality constant of Eq. (3.7): Zp[[.ck %Zj [Licy b = [lecr e [ Licy ¥i-

For given J and h, we can obtain a belief by an algorithm called belief propagation
[20, 33]. In practical situations, the algorithm stops in a reasonable time. Therefore the
Bethe approximation of the partition function is used in many applications [17].

We show that ©¢(3,~) is equal to Z/Zp. We choose variables (3. and ; to parameterize
{be(xi,xj)}ecr and {b;(x;)}icv, which satisfy Eqgs. (3.5) and (3.6):

1
EG+EDNEG+E
&
&+

be (.131', xj) = (gleg;:] + ﬁexixj)7

bi(x;) =
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From the definition of Zg and Lemma 3.1, we see that
Z ,TZ,,TJ
7= H bl H bilx:)
xT
o —Ti ¢ L5 fzwl
) H (U wiafeg ™) [ 7=

T1,...,cN==x1 €€E iev St + 51

= OG(ﬂ7’7)7

where v; ==& — &, 1. This equation means that the approximation ratio is captured by
the value of O¢. If the graph is a tree, we see from Eq. (3.2) and (3.3) that ©¢ = 1, i.e.,
the Bethe approximation gives the exact value of the partition function. If the weights 3
and ~ are sufficiently small, we see that © ~ 1, i.e., the Bethe approximation is a good
approximation.

The definition of Og implies that we can expand the approximation ratio by the sum
of sub-coregraphs [8, 9, 30]. This expansion sometimes improves the approximation if we
sum up some of the terms [14].

3.3. Transform of the Ising partition function
In the following, we give the explicit transform from (3, ) to (J, h).
We can always choose A;, Be, h;, he,; and J, to satisfy

le A
G+&!
Ltz Bel; T8 = B exp(Jewity + heiwi + he ja;).

exp(h;mi),

Therefore, setting h; := h; + Ze;i he,i, we have
Z(G; I, h) =[] Ai [ Be ©c(B. (& — & Viev).- (3.8)

i€V ecl
This fact shows that ©¢(3,~) gives the Ising partition function with (J,h), which is
computed from (3,7) as above.

If& =1,or v =0foralli € V, Eq. (3.8) reduces to the well known expansion of van
der Waerden [28, 31],

Z(G;J,0) =2V T cosh(Je) Y ] tanh(Je), (3.9)
ecE se€ e€s

where £ is the set of Eulerian subgraphs, i.e. the subgraphs in which all vertex degrees
are even. This fact is deduced from f,,(0) =1 if n is even and f,,(0) = 0 if n is odd.

Tt is well known by statistical physicists that Eq. (3.9) can be extended to the following
expression [10]

Z(G;J, h) =2V H cosh(J, Z Htanh H cosh(h H sinh(h (3.10)
eck SCE e€s 1€Ve(s) 1€Vo(s)

where V,(s) (resp. V,(s)) is the set of vertices of even (resp. odd) degree in s. Though
both Egs. (3.8) and (3.10) are extensions of Eq. (3.9) and give edge subset expansions,



10 Y. Watanabe and K. Fukumizu

they are different. An obvious difference is that only the sub-coregraphs contribute to
the expansion in Eq. (3.8).

Based on Eq. (3.8), we can say that the graph polynomial 64 (8,7) is a transformed
Ising partition function with uniform coupling constants and un-uniform external fields.
In contrast, a bivariate graph polynomial investigated in [1] is based on Eq. (3.10). This
polynomial corresponding to the Ising partition function with uniform coupling constants
and external fields. A similar type of expression is also considered in [16].

3.4. Additional remarks on the weighted graph version

In this subsection, we give additional remarks on ©g comparing with 5. The deletion-
contraction relation in Theorem 2.3 is generalized to weighted graphs as follows. If the
weights (8,4) on G satisfies ; = 7; for a non-loop edge e = ij, the weights on G'\e and
G/e are naturally induced and denoted by (8',~') and (8”,4”) respectively. On G/e,
the weight on the new vertex, which is the fusion of i and j, is set to be ;. Under these
conditions, we have

Oc(B,7) = (1= Be)Oce(B',7) + BeOc/e(B”,7"), (3.11)

which is proved in the same way as Theorem 2.3.
If we set all vertex weights 7; to be equal, the generalization of Theorem 2.4 holds. We
write O (8, (v: = ¥)iev) by O¢(8,~) for simplicity.

Theorem 3.2.

M=> 105, T]8 [] (-8 (3.12)

sCE n=0 e€s ecE\s

Proof. In this proof, the right hand side of Eq. (3.12) is denoted by ©g(8,7). First,
we check that ©g and ©¢ are equal at the bouquet graphs.

7) = Z 93\5\(177) Hﬁe H (1 - ﬂe)

sCE ecs e€F\s

'Z')f2k<v> I15 > TI-6.)

|s]

sCE k=0 ecs tCE\s e€t
[s]
ZZZ(';J)JC% 1= T e
uCFE sCu k=0 ecu
lul 1
l
- (")) -0 T 5o
uCFE =0 k=0 ecu

Using the equality Z?:k (?) ({c) (=1)"*J = §,, 1, which is obtained at 8 = 0 of Eq. (2.6),
we have

05, (8:7) = > fapu(M [ B = ©5.(8.7).

uCE ecu
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Secondly, we see that ©¢(8,) satisfies the deletion-contraction relation

éG(ﬁ»’y) = (]- - /Be)éG\e(/@lv'}/) + 6eéG/e(/6Na’Y)

for all non-loop edges e, because the subsets including e amount to 6.0¢ /e(B,7) and the
other subsets amount to (1 — 3.)O\(8,7)-

Applying this form of deletion-contraction relations to both ©¢ and O, we can reduce
the values at G to those of disjoint unions of bouquet graphs. Therefore we conclude that

O¢ = 0Og¢. Ll

A coloured graph is a graph with a map from the edges to a set of colours. If it is the
set of real numbers, the term weighted is preferred. We can generalize the definition of
V-functions to coloured graphs by allowing the coefficients of the deletion-contraction
relation dependent on colours. Since Og(3,) satisfies Egs. (3.1) and (3.11), it is a V-
function of (edge) weighted graphs. A similar expansion to Theorem 3.2 holds for any
coloured V-function because the proof only uses Eqgs. (3.1) and (3.11).

Regarding the Tutte polynomial, there have been a lot of works on the extensions to
edge weighted or coloured versions. In [6], the “universal” Tutte polynomial is constructed
on coloured graphs, generalizing the ordinary Tutte polynomial as far as possible. The
“universal” Tutte polynomial derives other extensions of the Tutte polynomial such as the
dichromatic polynomial for edge weighted graphs given by Traldi [26] and the random-
cluster model by Fortuin and Kasteleyn [12].

Our extension, Og(8,7), for weighted graphs resembles the random-cluster model

defined by
RG(IB7 "{) = Z "{k(s) Hﬁe H (1 - ﬁe)

sCE ecs e€F\s

because of Eq. (3.12). The random-cluster model satisfies a deletion-contraction relation
of the form

RG(,@, K‘) = (1 - ﬂE)RG\e(/@/7 K:) + ﬁeRG/E(IBHv K:) for all e er.

Note that this relation holds for loops in contrast to Og(8,7) as Rg (8, k) is an extension
of the Tutte polynomial. This difference comes from that of the coefficients of subgraphs
s: k%) and [[6p, (1,~)"),

4. Further properties of ¢ and its implications

4.1. Special values
4.1.1. v =0 case Assuggested in Section 2.2.4, if we set v = 0, the polynomial (3, 0)
is included in the Tutte polynomial.

Proposition 4.1.

(RETS

0(5,0) = (1= By D5 O (5, 175,
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Proof. From Proposition 2.1.(b) and f2x(0) = 1, we have

0o, 0.0) = (1= 95 Y (1) == 5 )
k=0

We also have TBH(%, %) = (87— 1)(%)" Therefore 65, (3, O)A: TBN(%, }j_rg) Since
V-functions are determined by the values at the bouquet graphs, 04(5,0) = G(%, %)
holds for any graph G. L]

This result is natural from the view point of the Ising partition function. The Tutte
polynomial is equivalent to the partition function of the g-Potts model [4]; if we set
q = 2, it becomes the Ising partition function (with uniform coupling constants J and
without external fields). In terms of the Tutte polynomial, such points correspond to the
parameters (x,y) = (%, %), and thus Tg(%, %) is the Ising partition function of that
type in essence. On the other hand, as discussed in Section 3.3, 65(3,0) is also equal to
the Ising partition function of that type essentially. Therefore they must be equal up to
some easy factor.

We can say that the Tutte polynomial is an extension of the Ising partition function
(with uniform coupling constants and without external fields) to the g-state model while
the #-polynomial is an extension of it to a model with specific forms of local external
fields.

4.1.2. § =1 case At 8 =1, 6g(1,7) is determined by the nullity and the number of
the connected components of the graph.

Lemma 4.2. For a connected graph G,

(1, — &) =4 ¢ HnOD71 4 (@71 (g 4 g 1ynl@)1 (4.1)

Proof. We use the right hand side of Lemma 3.1, which gives an alternative rep-

resentation of Oq. If z; 75 Zj, then 1 + {,Cixjg*mig*wj = 0. Thus Qn]y two terms of
r1 =+ =2xy = 1l and ;1 = --- = zny = —1 contribute to the sum, because G is
connected. ]

Ife= %, then £ — £~ = 1. From Eq. (4.1), we see that

n(G)—1 n(G)—1
0c(1,1) = (5 _2‘/5> + <5 +2\/5> : (4.2)

Setting & = 1, we also deduce from Eq. (4.1) that

0c(1,0) = 27, (4.3)
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4.2. Number of sub-coregraphs
4.2.1. Bounds For a given graph G, let C(G) := {s;s C E,(V,s) is a coregraph.} be
the set of sub-coregraphs of G. In the following theorem, the values (4.2) and (4.3) are
used to bound the number of sub-coregraphs.

Though the following upper bound is proved in [30], here we present the both proofs
of the bounds for completeness.

Theorem 4.3. For a connected graph G,

n(G)—1 n(G)—1
2 < |c(@)| < (5 _/5> + <5 +2\/5> : (44)

The lower bound is attained if and only if core(G) is a subdivision of a bouquet graph,
and the upper bound is attained if and only if core(QG) is a subdivision of a 3-regular graph
or G is a tree.

Note that a subdivision of a graph G is a graph that is obtained by adding vertices of
degree 2 on edges.

Proof. It is enough to consider the case that G is a coregraph and does not have
vertices of degree 2, because the operations of taking core and subdivision do not change
the nullity and the set of sub-coregraphs essentially.

From the definition Eq. (2.2), we can write

bc(1,7) = 3 w(siv),

seC

where w(s;y) = [[;cy fa,(s)(7)- For all s € C, we claim that
w(s;0) <1 <w(s;1). (4.5)

The left inequality of Eq. (4.5) is immediate from the fact that f,(0) = 1 if n is even and
fn(0) =0 if n is odd. The equality holds if and only if all vertices have even degree in s.
Since f,(1) > 1 for all n > 4 and f2(1) = f3(1) = 1, we have w(s; 1) > 1. The equality
holds if and only if d;(s) < 3 for all i € V. Then the inequalities in Eq. (4.4) are proved.
The upper bound is attained if and only if G is a 3-regular graph or the By. For the
equality condition of the lower bound, it is enough to prove the following claim.

Claim. Let G be a connected graph, and assume that the degree of every vertex is at
least 3 and d;(s) is even for every i € V and s € C. Then G is a bouquet graph.

If G is not a bouquet graph, there is a non-loop edge e = igjy. Then E and E \ e are
sub-coregraphs of G. Thus d;,(E) or d;,(E\e) = d;,(E)—1 is odd. This is a contradiction.
L]
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4.2.2. Number of sub-coregraphs in 3-regular graphs If the core of a graph is a
subdivision of a 3-regular graph, we obtain more information on the number of specific
types of sub-coregraphs.

We can rewrite Lemma 4.2 as follows.

Lemma 4.4. Let G be connected and not a tree. Then we have
n(G)—

Z Crie) a7
where Cpp := Y 1 Hl()(kH 1)f0r1<l<n—1and00—2"

Proof. First we note that for k > 1,

k-1
k+1-1
f2k(7)2< o )721 and  fory1(y

=0

k—1
Z (k + l) 2041
P 20+ 1

This is easily proved inductively using Eq. (2.1). Then Lemma 4.2 derives

n(Q)

b6(1.7) = 01, (17) = 3 (") ) + o)
k=1
n(G@)—1 n(G)

k+1-1
-3 Z( D))
2l
=0 k=I+1
n(G)—1

:ZC
L]

Theorem 4.5. Let G be a connected graph and not a tree. If every vertex of the core(G)
has the degree at most 3, then

Cn(e)y = {5 € C(G); s has 2l vertices of degree 3.}
for0 <1 <n(G)—1.

Proof. For a sub-coregraph s, [],cy fa,(s)(7) = +2 if and only if s has 21 vertices of
degree 3. ]

5. One-variable graph polynomial w

In this section we define the second graph polynomial w by setting v = 24/—1. It is easy
to check that f,(2v/—1) = (v/—1)"(1 — n), using Eq. (2.1). Therefore

0a(B,2v=1) = > (=) T (1 - di(s)). (5.1)

sCE eV
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An interesting point of this specialization is the relation to the monomer-dimer partition
function with specific form of monomer-dimer weights, as described in Section 5.2.

5.1. Definition and basic properties

From Eq. (4.1), 65(1,24/—1) = 0 unless all the nullities of connected components of
G are less than 2. The following theorem asserts that 65(5,2v/—1) can be divided by
(1 — 3)IEI=IVI. We define wg by dividing that factor.

Theorem 5.1.

wa() = EOD e

In Eq. (5.1), 6g(8,2v/—1) is given in the summation over all sub-coregraphs and each
term is not necessarily divisible by (1 — 8)/ZI=IVl but if we use the representation in
Theorem 2.4, each summand is divisible by the factor as we show in the following theorem.
Theorem 5.1 is a trivial consequence of Theorem 5.2.

Theorem 5.2.

wa(B) =Y B ] ha(B)"®,

sCE n=0
where ho(B) := (1 — B), h1(B) :=2 and hy,(B) :=0 forn > 2.

Proof. From (b) of Proposition 2.1 and f,,,(2v/—1) = (v/—1)™(1 — m), we have

" 1 ifn=0
Op,(1,2v=1) = (Z)(—l)k(l—%) =<2 ifn=1
k=0 0 ifn>2.

Theorem 2.4 gives

wa(B) = Z H 0, (1,2v/=1))glsl(1 — g)IVI=ls]

sCE n=0

=Y [l =505, 1, 2/-1)) 5!

sCE n=0

Then the assertion is proved. ]
Example 2.

For a tree T', wy(B) = 1 — (. For the cycle graph C,,, we, (8) = 1+ 8". For the complete
graph Ky, wr, (8) = 1+26+33%4+833+163*. For graphs in Figure 1, wy, (3) = 1+3+43>
and wx, (B) = 1+ 33 + 452

We list basic properties of w below.

Proposition 5.3.
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a) wGIUGZ( ) = wWa, (ﬂ)sz (6)

(
(b) wa(B) = wa\e(B) + Bwgse(B) if e € E is not a loop.
(¢) wp,(B) =1+ (2n—1)p.
(d) w ( ) - wcore(G’)(ﬁ)
(e) wa(B) is a polynomial of degree |Veore(cy|- The leading coefficient is HZvem(G) (d;—1)
and the constant term is 1.
(f) Let GU™) be the graph obtained by subdividing each edge to m edges. Then,
waem (B) = L+ B+ -4 " HIEVgg(sm).
Proof. The assertions (a-e) are easy. (f) is proved by |Eq| — |[Vi| = |[Eqem | — [Vam

and 9@,”) (ﬂ, 2\/—71) = eg(ﬁm, 2\/j1) ]

Proposition 5.4. If G does not have connected components of nullity 0, then the co-
efficients of wg(B) are non-negative.

Proof. We prove the assertion by induction on the number of edges. Assume that
every connected component is not a tree. If G has only one edge, then G = By and the
coefficients are non-negative. Let G have M (> 2) edges and assume that the assertion
holds for the graphs with at most M — 1 edges. It is enough to consider the case that
G is a connected coregraph because of Proposition 5.3.(a) and (d). If all edges of G are
loops, G = B,, for some n > 2 and the coefficients are non-negative. If G = C}y, the
coefficients are also non negative as in Example 2. Otherwise, we reduce wg to graphs
with nullity not less than 1 by an application of the deletion-contraction relation and see
that the coefficients of wg\. and wg /. are both non-negative. ]

5.2. Relation to monomer-dimer partition function
In the next theorem, we prove that the polynomial wg () is the monomer-dimer partition
function with specific form of weights.

A matching of G is a set of edges such that any edges do not occupy a same vertex. It
is also called a dimer arrangement in statistical physics [15]. We use both terminologies.
The number of edges in a matching D is denoted by |D|. If a matching D consists of k
edges, then it is called a k-matching. The vertices covered by the edges in D are denoted
by [D]. The set of all matchings of G are denoted by D

The monomer-dimer partition function with edge weights g = (pe)ecr and vertex
weights A = (\;)sev is defined as

=S I I1 x

DeDeeD i€eV\[D

We write Z¢(u, A) if all weights p, are set to be the same p.

Theorem 5.5. Let \; :=1+ (d; — 1)8, then
wa(B) = Ea (=06, A).
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Proof. We show that ZEg(—03, ) satisfies the deletion-contraction relation and the
boundary condition of the form in Proposition 5.3.(c). For the bouquet graph B,,, D = ¢
is the only possible dimer arrangement, and thus

Ep,(=4,A) =1+ (2n - 1)f = wp, (H).

For a non-loop edge e = igjo, we show that the deletion-contraction relation is satisfied.
A dimer arrangement D € D is classified into the following five types: (a) D includes e,
(b) D does not include e and D covers both ig and jo, (¢) D covers ig while does not
cover jo, (d) D covers jo while does not cover ig, (e) D covers neither iy nor jo. According
to this classification, E¢(—/5, A) is a sum of the five terms A, B, C, D and E. We see that

c= Y »° I »

DeD ; D
[DI3i0.[D) %o i€VAID]

= X coPara-29 ]

ieV\[D
[DDZO [D]%o l;ém
D
DL |t
DeD i€V \[D]
[D]>ig,[D]Zio i#50
= Cl +ﬁ02

In the same way, D = Dy + 8D5. Similarly,

E= Y AP, JT M

DeD i€V \[D]
[D]Zig.[P]Zio i#£i0,70

= > AP+ (diy — 281+ ( A 11~
DeD i€V \[D]
[D]Zig,[P]Zio i#ig,jo

+0 Y AP+ +di-3)8) [ N
DeD zEV\
[D]Zig,[P]Zio i#i0, Jo

=: E\ + BEs.
We can straightforwardly check that
Ec\e(=8,N) =B+ Cy+ Dy + Ey

and

EG/e(=B,XN") = A+ BCy + BD; + BEx, (5.2)

where A" and A" are defined by the degrees of G'\e and G/e respectively. Note that
Cy + D3 in Eq. (5.2) corresponds to dimer arrangements in G/e that cover the new
vertex formed by the contraction. This shows the deletion-contraction relation. ]

Let pe(k) be the number of k-matchings of G. The matching polynomial c; is defined
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L)
ag(z) = Y (=1)fpa(k)zlVI=2*,
k=0
The matching polynomial is essentially the monomer-dimer partition function with uni-
form weights; if we set all vertex weights A and all edge weights u respectively, we have
A ) \4
=)=
V—H

Therefore, for a (¢ 4+ 1)-regular graph G, Theorem 5.5 implies

Ec(pA) = aG(

wg(u?) = ac<% + qu)u‘vl. (5.3)

In [18], Nagle derives a sub-coregraph expansion of the monomer-dimer partition function
with uniform weights, or matching polynomials, on regular graphs. With a transform of
variables, his expansion theorem is essentially equivalent to Eq. (5.3); Theorem 5.5 gives
an extension of the expansion to non-regular graphs.

As an immediate consequence of Eq. (5.3), we remark on the symmetry of the coeffi-
cients of wg for regular graphs.

Corollary 5.6. Let G be a (q+ 1)—regular graph (¢ > 1) with N wvertices and wy be
the k-th coefficient of wa(B). Then we have

WN_—k = wqu_Qk for0 <k <N.

5.3. Zeros of wg ()

Physicists are interested in the complex zeros of partition functions, because it restrict
occurrence of phase transitions, i.e., discontinuity of physical quantities with respect to
parameters such as temperature. In the limit of infinite size of graphs, analyticity of the
scaled log partition function on a complex domain is guaranteed if there are no zeros in
the domain and some additional conditions hold. (See [32, 23].) For the monomer-dimer
partition function, Heilman and Lieb [15] show the following result.

Theorem 5.7 ([15] Theorem 4.6). If . > 0 for all e € E and Re();) > 0 for all
Jj €V then Eq(p, X) # 0. The same statement is true if Re(\;) <0 for all j € V.

Since our polynomial wg () is a monomer-dimer partition function, we obtain a bound
of the region of complex zeros.

Corollary 5.8. Let G be a graph and let d,, and dp; be the minimum and maximum
degree in core(G) respectively and assume that d,, > 2. If p € C satisfies wg(8) = 0,
then

1 1

< < .
dM—1_|ﬂ|_dm—1
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Proof. Without loss of generality, we assume that G is a coregraph. Let 8 = |3|e®
satisfy wg(8) = 0, where 0 < 0 < 27 and 4 is the imaginary unit. Since wg(0) = 1 and
the coefficients of wg(5) is not negative from Proposition 5.4, we have 3 # 0 and 6 # 0.
We see that

we(P) = Ea(=B,X) = Ea(|Bl,ie™ "2 X)(ie=/%) 71V,
where \; = 1+ (d; — 1)8, and Re(ie™"/2);) = (1— (d; — 1)|3|) sin §. From Theorem 5.7,
the assertion follows. Ul

Especially, if the graph is a (¢ 4+ 1)-regular graph, the roots are on the circle of radius
1/q, which is also directly seen by Eq. (5.3) combining the famous result on the roots
of matching polynomials [15]: the zeros of matching polynomials are on the real interval

(=2v4,2/9).

5.4. Determinant sum formula
Let T := {C C E;d;(C) = 0or 2 for all i € V} be the set of unions of vertex-disjoint
cycles. In this subsection, an element C' € 7 is identified with the subgraph (Vg,C),
where Vi := {i € V;d;(C) # 0}. A graph G \ C is given by deleting all the vertices in
Ve and the edges of G that are incident with them.

The aim of this subsection is Theorem 5.9, in which we represent wg as a sum of
determinants. This theorem is similar to the expansion of the matching polynomial by
characteristic polynomials [13];

ag(z) = Z 2R det[z] — Aa\cl, (5.4)
CeT

where Ag\¢ is the adjacency matrix of G\ C' and k(C) is the number of connected
components of C.

Theorem 5.9.

wa(u?) = Z 2k det ([I —ulg +u?(Dg — I)]’G C)ulc‘, (5.5)
ceT \
where D¢ is the degree matriz defined by (Dg)i j := did; ; and -|G\C denotes the restric-
tion to the principal minor indexed by the vertices of G\ C.

Proof. For the proof, we use the result of Chernyak and Chertkov [7]. For given weights
= (te)ecr and A = (Ny)iev, a |V| x |V| matrix H is defined by
H = diag(\) = ) V=picAe,
eckE
where A, = F; j+ FE;; for e = ij and E; ; is the matrix base. In our notation, their result
implies

Ec(p,A) = Z 25 det H|\ ¢ H vV —He-

ceT ecC
If we set A\; = 1+ (d; — 1)u® and /=t = u, then the assertion follows. ]



20 Y. Watanabe and K. Fukumizu

!

H\/l

Figure 2. Graph X3 and possible arrangements on X§2).

For regular graphs, Eqgs. (5.4) and (5.5) are equivalent because of Eq. (5.3).

The matrix (I —uAg+u?(Dg—1)) is well known for its appearance in the Thara formula
of the graph zeta function [25]. The result in [29] shows that the Bethe free energy and
the graph zeta function are intimately related though mathematical connections between
the result and Theorem 5.9 are unknown.

5.5. Values at =1

The value of wg(1) is interpreted as the number of a set constructed from G. For the
following theorem, recall that G(?) is obtained by adding a vertex on each edge in G =
(V, E). The vertices of G(?) := (V) E®)) are classified into Vo and V4, where Vj is the
original vertices and V4 is the ones newly added, respectively. The set of matchings on
G® is denoted by Dae).

Theorem 5.10.
wg(1l) = {D € Dge); [D] D Vo |-

Proof. From Theorem 5.2, we have

wa(l) = > ok(s) (5.6)

sCBE,s=G1U--UG )
n(G;)=1 for j=1...k(s)

where G is a connected component of (V,s). We construct a map F from {D €
De; D] D Vy} to s C E as

F(D) := {e € E; the half of e is covered by an edge in D}.
Then the nullity of each connected component of F(D) is 1 and |F~1(s)| = 2k(5), I

Example 3. For the graph X3 in Figure 2, wx,(1) = we, (1) = 2. The corresponding
arrangements are also shown in Figure 2.

In the end, we remark on the relations between the results on wg(1) obtained in this
paper. From Proposition 5.3, wg (1) satisfies

wa(l) = wa\e(1) +wgre(l) if e € E is not a loop.
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This relation can be directly observed from the interpretation of Theorem 5.10. Theorem

5.5 gives
we)= Y ()P [] di

DeD ieV\[D]
which can be proved from Theorem 5.10 with the inclusion-exclusion principle. Theorem
5.9 gives
we(l) = 3 2" det [Dg; AG]‘
CceT
We can directly prove this formula from Theorem 5.10 using a kind of matrix-tree theo-

a\c’

rem.
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